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PREFACE. 



It is the object of the present treatise to exhibit, in a 
rigorous and connected fonn» the principles of Mechanical 
Science. The works in this department already published 
in this country are, it is conceived, either limited by the 
method of demonstration, or deficient in pointing out the 
connexion of the various parts of the subject. In the 
present treatise, therefore, the powerful aids of analysis 
have been introduced ; and with the view of marking the 
distinction between that which is important as theory, 
and that which is the application of the theory, each of 
the great divisions of the subject is subdivided into two 
parts ; the first part containing that which rests upon the 
assumed methods of estimating force, and which will con- 
sequently stand upon that, as an hypothesis, were matter 
differently constituted ; the second containing the appli- 
cation of these principles to matter as it is. The applica- 
tion has been carried only so far as seemed necessary to 
exhibit the importance and object of the results of the 
theory. Examples have been purposely avoided as tend- 
ing to draw off the attention from the dependence of one 
principle upon another, and therefore excluded by the 
design of the treatise : but, should this attempt be favour- 
ably received, the author proposes to prepare another 
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volume^ which shall be, as it were, a companion to the 
present. This second volume shall contain deductions 
from the principles here established, a selection of exam- 
ples with their solutions, either complete, or partly so, or 
merely with their results, as may appear necessary, and 
any historical illustration or remark which may throw light 
or interest upon the subject. 

In a work like the present there can be little room for 
originality, and originality has not been aimed at. Every 
work, which was thought likely to assist, has been con- 
sulted ; and whatever appeared to fall in with the design, 
has been borrowed. The names of Pontecoulant, Poisson, 
Boucharlat, Venturoli, Lloyd, and Whewell must be men- 
tioned as authors, whose works were constantly at hand ; 
and to the first of these the present treatise is most 
largely indebted. 

For the convenience of students, asterisks are prefixed 
in the Table of Contents to those articles and chapters 
which may be omitted on a first reading. 

Wadham College, 
July 1830. 
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INTRODUCTION. 

1. Mechanics is tbe science which treats of Equilibrium and 
Motion. 

That branch of it which treats of Equilibrium is called Statics. 
That which treats of Motion is usually called Dynamics, 

2. Motion is the passage from place to place. Rest is a per- 
manency in the same place. 

3. Force or power is the cause which produces or tends to 
produce motion or change of motion. 

The consideration of the real nature of the cause, or of the 
force, does not belong to the present subject. We treat not of 
the cause but as producing, or tending to produce, certain 



4. The effect of a force (whether the effect be actual or 
virtual, i. e. whether it be actually produced, or partly or wholly 
counteracted) depends 1st. upon its intensity. 2ndly. Upon the 
point of application. 3rdly. Upon its direction. And it must 
be shewn how each of these is to be estimated. 

1st. With respect to the intensity of the force, it must be 
observed, that all estimates of any quantity whatever have 

B 
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reference to some fixed unit or standard. Henoe^ by assuming 
a force which is capable of producing some certain effect^ as the 
unit of force> the intensity of any other force is expressed by the 
numerical ratio which its effect (whether actual or virtual) bears 
to the effect of the assumed unit of force. In the same manner 
also^ by fixing on the linear unit to represent the unity of force^ 
any other force is represented by the line^ which bears to the 
linear unit the same ratio which the force in question bears to 
the unit of force. 

2ndly. With respect to the point of application it may be 
observed, that as this point is a point in space it has its proper 
designation by reference to three coordinate axes or planes, as in 
analy];ic geometry. 

Brdly. With respect to the direction of the force it may be 
observed^ that it is the same as that of the line which a body 
acted on by that force would describe were it perfectly free. A 
line therefore will not only represent the magnitude of the force, 
but also its direction, and by reference to three coordinate axes 
the direction of any line is determined. 

5. A body is an assemblage of material points. These ma- 
terial points, or elementary particles, are connected together in 
various ways according to the nature of the body. 

In theoretic mechanics we commence by considering these 
points as perfectly isolated, without magnitude or weight, and as 
serving merely for the points of application of forces. We can 
then unite and connect these particles to form solid bodies, 
whether rigid or flexible. One class of bodies, where the con- 
nection between the particles seems less perfect, is referred to 
An almost distinct branch of the science. 

The mechanics oi fluid bodies, or more properly the equi<«> 
librium of fluids, would form the subject of a treatise ea.' Hydro- 
^taiicsy while their motions would come under Hydroii/ttamic*. 
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CHAP. I. 

ON THE COMPOSITION AND EQUILIBRIUM OF FORCES 

APPLIED TO A POINT. 

6. Prop. Two equal forces applied to the same point in 
exactly opposite directions are in equilibrio. 

For no reason can be assigned why motion should ensue in 
the direction of one force which will not equally apply to the 
other. 

7- Prop. Any two forces applied to the same point, and 
forming any angle with the lines of their directions, cannot he 
in equilibrio. 

For suppose any two forces (fig. l.)> P and Q, acting on the 
point M^ and forming the angle P M Q to keep it in equilibrio. 
Then^ if a third force P' is introduced^ equal and opposite to P^ 
motion must ensue in the direction of P^ But since P and P' 
are equal and opposite they are in equilibrio (6) with each other, 
therefore motion will ensue in the direction of Q. Therefore 
the point must move in two directions at once, which is absurd. 

8. Cor. Hence, since equilibrium cannot exist, motion will 
ensue, and the point will have a determinate velocity and direc- 
tion as though it were the effect of a single force. This latter 
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force^ which singly would produce the same effect as the others 
jointly > is called the resfdtant of the forces. These forces them- 
selves are called the components. The same will apply for any 
number of forces^ and it may at once be observed^ that in all 
statical investigations the components may be replaced by their 
resultant^ and vice versa. 

9. Prop, If two forces applied to the same point form any 
angle with their directions, and if the parallelogram, having for 
sides the lines which represent the forces, be completed, its 
diagonal shall represent the resultant. 

First. The resultant must be in the same plane> for whatever 
reason can be assigned to prove that it will lie in any line above 
the plane^ will equally apply to prove that it will lie in a line 
symmetrically situated below^ and since it cannot have two di- 
rections at once^ it cannot lie on either side of the plane. 

Secondly. Let the two lines (fig. 2.) A B, AC, represent the 
two forces acting upon the point A, by the first of which in a 
certain time t' the point would, if free, reach B, and by the 
second reach C in the same time; then the force AB, being 
parallel to C D, cannot cause the point to approach the side C D, 
or recede from it. Wherefore by the two forces it would arrive 
at the side CD in the same time (t^) as by the single force. 
Similarly it would arrive at the side B D in the same time (f). 
Therefore at the end of the time the body must be found as well 
on the side C D as on B D ; whence it will be found at D, the 
extremity of the diagonal, and as the same demonstration would 
apply for any portions of the time, it would (Euc. vi, 26) be 
always in the diagonal \ 



> The proof here given of this fundamental proposition may be deemed un- 
satisfactory, and as it stands may be considered to rest ultimately on experi- 
ment. But as the more complete and rigorous investigation might impede the 
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10. Cor. 1. In the triangle ABD^ BD being equal and 
parallel to A C^ A B^ B D^ A D represent the forces^ and thus 
the triangle represents in its several parts the three forces and 
the angles of their inclination. 

11. Cor. 2. By means of a series of parallel<^rams^ it is easy 
to represent the resultant of any number of forces meeting in a 
point. For first describe a parallelogram with sides representing 
the first two, then its diagonal will represent their resultant. 
This diagonal may be made the side of a new parallelogram, and 
thus compounded with the third, and so on. 

Or describe a polygon, the sides of which banning from the 
point are successively equal and parallel to the forces and in the 
same direction. Join the point and the extremity of the last 
side, and the straight line which thus makes up the polygon 
represents the resultant. 

12. Pnop, If three forces applied to the same point lie in dif-- 
ferent planes, and if the parallelepiped, having for adjacent edges 
the lines which represent them, be completed, its diagonal shall 
represent their resultant. 

Let AB, AC, AD (fig. 3.), represent the three forces, and 
let the parallelepiped be completed. Then if A E is the diagonal 
of the parallelogram A B E C, A E is the resultant (9) of A B 
and A C ; and since by joining D, F, A E F D is a parallelogram, 
the diagonal A F is the resultant of A E and AD, that is, of A B, 
AC and AD. 

As the composition and resolution of forces are of continual 
use in Mechanics, it is more convenient to derive from the prin- 
ciples already established analytical formulee which may express 
the relations between the resultant and components, and thus 



student ifi limine, it has been thought more prudent to give it in an Appendix. 
SeeApp. 1. 
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deduce generally the several conditions of equilibrium of a paint 
aet^d on by any fences. 

13. Prop. To find the remUant of any forces appUed to the 
same point 

The resultant is most conveniently obtained by resolving each 
component force according to three rectangular axes^ and tben 
by adding into one sum the forces which act in the same axis, 
and lastly by compounding these sums. 

Thus let p', p"y p"'y &c. be the forces^ A (fig. 4.) their point 
of application^ which is taken as the origin of the three rectan- 
gular axes A X, A Y^ A Z. 

Let auy p'y y, be the angles which p makes with the axes^ 
a", jS ", y", those which p" makes> 
a , P ,y , p &c. 

In fig. 4. complete the rectahgular parallelepiped taking A P 
representing any force as the diagonal. 

Then A P may be resolved into A M, P «, n M, 

or into A M^ A N^ A Q. 
AndAM = AP cos. P AM =;?' cos. «, 
AN=:AP cos. FAN^pcos.p'y 
AQ=AP COS. PAQ=j9'cos. y. 

Proceeding similarly for the other forces and putting X, Y, Z, 
for the sum of the forces in each axis^ we have 

p COS. a -f- p cos. a -^ p cos. a + &C. = 2L, 

p COS. p' + p" cos. j3" -+- p" COS. P" + &c. = Y, 
p COS. y •\' p COS. y + p cos. y -+- &c. = Z, 

or if S be used to denote the sum of the continued products of 
each force into the cosine of the angle^ the above expressions 
will be 
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S. p GOB. a = X 2. /?. COS. j9 = Y 2. 7? COS. 7 SB Z. 

Therefore (12) the resultant 

R=:^/(X2h-Y2 + Z«). 

And if A, B^ r^ be the angles which R makes with each axis^ 
they may be found from the equations 

A X -, Y ^ Z 

COS. A = r^, COS. B as =-, cos. r = p-. 

14. Cor. 1. If the forces are situated in the same plane 
.-. Z t?= and cos. r = 0. Hence R = >/(X" + Y«) 

X • . Y Y 

and cos. A = ■=-, cos. B = sin. A = -p- /, tan. A = ■==-. 

16. In this case also we havei 

R COS. A = X = /?' COS. a -f- p" COS. a" + p" coe. «'" + &c. 

R. A '\T f * ' I H * 'f \ III * III t O 

Sin. A = Y = p sm. a + /> sm. a '\- p sin. a + &c. 

Hence from any point S in the plane of the forces let faU per- 
pendiculars ^pon the several directions of the forces, as for 
instance (fig. 5.) S M = q on A P', S N = q on A P", &c. and 
S O =: r on A R the resultant ; join S A, and let S A = *, the L 
S AX == d and the Z. F AX = a as before. 

/. SM = SA sin. SAM 
or q = *. sin. (d — «') 

then multiplying the first of the equations X by s. sin. 0^ and the 
second Y by s, cos. ^y and subtracting we have 

R s (sin. d cos. A — cos. d sin. A) = 
ps (sin. d COS. d — cos. d sin. a') ■^-p s (sin. d cos. a" — cos. d sin. « ') 

+ &c. 
.-. R* sin. (d — A) = /?'* sin. (d — «) + ps sin. (•—«") 

H- &c. 

_ H ' ' • II II . Ill III . o 

,\Rr=spq-^pq -^ p q -+- &c. 
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The intensity of a force multiplied by the perpendicular dis- 
tance of its direction from a fixed point is called the moment of 
the force ivith reference to the point. Hence the last equation 
shews that the moment of the resultant is equal to the sum of the 
moments of the several components. 

By the sum of the moments we must understand the sum 
of each with its proper sign as determined by the value of 
sin. {6 — a), which shews that those are positive which tend to 
turn the point in one direction^ and those negative which tend to 
turn it in the contrary. 

16. Cor. 2. If the forces are in the same straight line 

/. Z = and also Y = 0. 

.-. R = Xandco8. A=l. / ' ^- / '<? ^' 

.*. the resultant is parallel to or in the same line with axis of X. 

17* If only two forces p,p", making with each other an angle 
6, act on the pointy we have a very convenient form from the 
property of the triangle. I 

For (fig. 6.), AD2 = AB« + BD2_2A]3;.BD cos. B, 
and B = v — 6. 



.-. R2 =^2 ^ p-i ^ 2p'p" COS. e. 



ft 



also siiV. A ^ sin. B A D =: ^ sin. 6 

sin. B = sin. D A C = ^ sin. $. 



18. Prop. To determine the conditions of equilibrium of a 
point acted on by any forces. 

Here we must have R = and /. X« -f Y* + Z» = O, 
and as each of these quantities is essentially positive^ they must 
each separately = 0. 

,*, X = 0, Y = Oj Z a= are the conditions. 
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19. If a point acted on by any forces is supported on a curve^ 
it will undergo a resistance arising from the impenetrability of 
the curve which must be perpendicular to the curve. For were 
it not so^ this resistance may be resolved into two directions^ one 
perpendicular to the curve^ and the other in the direction of the 
tangent^ of which the first alone can be effective in preventing 
the point from penetrating^ the other would only affect the 
motion along the curve. Hence 

Prop. To determine the conditions of equilibrium of a point 
sustained by any forces on a given curve. 

liet N be the nonAal force of reaction^ 

^^ p9 yy the angles which the normal makes with the axes of 
coordinates. 

The resistance N may be considered as a new force acting upon 
the pointy independently of the curve^ and hence if X^ Y^ 7t, 
are the sums of the other forces parallel to each axis respectively^ 
and if N be similarly resolved^ we have (18.) 

N COS. a + X = 0. 

N COS. ^ + Y = 0. 
N COS. 7 4- Z = 0. 

-V 

Hence^ since cos.* a -f cos.* j3 + cos.* y = 1, we have 

N = V(X* + Y* 4- Z% 
or the reaction is equal to the resultant and equilibrates all the 
other forces. 

But since if a\ P, y, are the angles which the tangent makes 
with the axes 

cos. a cos. a -f COS. j8 COS. j3' + COS. y COS. y' = 0.** 

^ This fonnula is deducible as a particular case of the following general 
problem. Given the angles which each of two straight lines makes with the 
axes, to find the angle at which the two lines are inclined to each other. 
. Let A B, and A C (fig. 7.) be any two lines through the origin parallel to 
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. , dx ^. dy , dz 

and COS. a = -r-* cos. p := i-, cos. y =^ -j-, 

as as as 

ds being the element of the curve^ 

dx dv ^ dz ^ 

/. 3- cos. a + •— COS. /3 + J- COS. 7 = 0. 
as as as 

Therefore^ multiplying the first of the three equations 

wm dv dz 

by ^, the second by -^, and the third by ■^■„ 
as as CLs 

and adding these results 

Xdx + Ydy + Zdz = 0. 
20. Cor. If the curve is in the vertical plane^ two equations 
are sufficient^ and 

Xdx + Ydy = 

gives us an equation^ by combining which with the equation to 
the curve^ the position of the point may be determined if the 
forces are given. 



the two lines, and let A B = AC = 1. Let AB make with the axes the 
angles a, p, y, and let x, y, s, be the coordinates of B. » 

Similarly let A C make the angles a, p, y, and x', y, z', be the coordinates 
of C. Since A M = A B cos. a, &c. 

,*, X = cos. a, y "=- cos. j3, t = cos. y 
and x' = cos. d, y = cos. fl, % = cos. y\ 

JoinB,C .-. BC«= AB»+ AC* — 2 AB. ACcos. B AC 
,-. 2C0S.BAC or2co8.d = 1 -f 1 — BC« 

= 2 - ((X - x')« + (y -y')« + {z -0»)' 
but x« H- 3/« -f 2^ = 1, &c. 
* /. COS. = xx' + yi/' -f %% 

= COS. a COS. a + cos. /3 cos. fS -\- cos. y cos. y\ 

Hence if the lines are at right angles to each other, 

COS. a COS. a + cos. /3 cos. j3' -|- cos* y cos. / = 0. 



CHAPTER 11. 

ON THE COMPOSITION AND EQUILIBRIUM OF 

PARALLEL FORCES. 

In tlie last chapter we have discnssed the composition of forces 
acting on the same point. We next proceed to consider forces 
acting on different points connected in some invariable manner, 
in order that we may ascend to the conditions of equilibrium of 
forces situated anywhere in space. For this purpose we will 
first examine the cases where forces are parallel to each other. 

21. Prop, To determine the resultant of two parallel forces 
acting on a rigid line rvithout weight connecting their points of 
application. 

Let p and p" be two forces in any direction acting on the 
points A and B connected by the invariable line AB. (fig, 8.) 
Then we shall not at all disturb the state of the system if we 
Suppose the two forces applied at the point O, in which the direc* 
tiojQS of the forces meet when produced. 

If then a, a'y and A are the angles which the directions of the 
forces and the resultant R, make with the axis of x respectively^ 
we have (15) 

R cos. A =: /?' COS. a H- p cos. a 
sm. A = p sm. a + Z' sm. a 

and also Rr = pq -f p'q 

These expressions hold good^ if we suppose the directions of 
p and p' to vary. Hence if »' = a or the forces become pa- 
rallel and in the same direction, we find, 

.... i /..■-' ■ 



, -1 - / ■ 



'\ A • J I - - , 
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1st. A= » = a I or resultant is parallel to components. 

2n(ily. R = p' -f /?' ; or resultant = the sum of components. 

3rdly. If the point from which the perpendiculars are let fall 
be taken in the direction of the resultant^ 

/. r = .•, pq -f f'q = 0. 

Hence if p' and /?" have the same sign^ q and q must be in 
opposite directions^ and they are also in the same straight line. 

Hence p \ p" \ \ q \ q 

::GN:GM (fig.9.) 

: : B G : G A, by sim. triangles. 

But if the forces act in contrary directions we have still the 
resultant parallel to the components ; but R = p — -p\ or resul- 
tant = the difference of components^ also the perpendiculars must 
fall on the same side of the resultant^ and the point G will fall in 
the line AB produced in the direction of the greater force 
(fig. 9 *.) and 

p'rp' :: bg.ga. 

But if »' = p .•, R = 0, also since B G = A B, , „ we 

p—p 

have here B G = oo .*« n<^ single force can equilibrate two 
equal forces in contrary but not opposite directions. 

In this case there is a tendency to produce rotatory motion. 

22. Cor, 1. If we have three parallel forces^ we can first find 
the magnitude and point of application of the resultant of two^ 
and then compound this resultant with the thirds and so on. But 
if any of the forces have a contrary direction^ as g', g", q" ^ &e-> 
then we must first find the point of application of the resultant 
oip, p", p\ &C.J which act in one direction^ and then the point 
oi application of the resultant of q^ q , q'y &c.> and then prpceed 
as in the latter part of the proposition. 
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23. Ccr. 2. If the forces p and j/' turn round their points of 
application^ their intensities and parallelism still remaining, the 
magnitude of the resultant and its point of application will also 
continue unchanged. And similarly for any number of forces. 

Hence in every system of points connected in an invariable 
manner and acted upon by parallel forces^ there is a certain 
point through which the resultant of all the forces passes, what- 
ever be the position of the system. This point is called the 
Centre of Parallel Forces, 

24. Prop* Tajind the posHion of the centre of any numbei^ of 
parallel forces, the coordinates of the points of application of the 
forces being given. 

Let the points F, F', F", &c. be acted on by the parallel 
forces j/, p*\ p", &c. and referring the system to three rectangu- 
lar axes, let x', y\ z, x", y", z", &c. be the coordinates of the 
points P', P", &c. 

Ist. Taking only two points P'. P", whose ordinates on AX 
(fig. 10.) are AM' = x, and AM" = x", if G be the centre 
of the two forces, and its ordinate be AN = f , then we have 

P : p :: F'G : QiP* :: M"N : NM' 

. /. p'JVl'N = p'M'^ 
or, p ({—a?') ^ p (a:"— f). 



Similarly if the point G and a third point P" be joined it may 
be easily shown that, if I' be the coordinate of G' the centre of 
the forces p H- p", and p" 

(p +P +P)f ^ px -\' p X + p X 



So generally, if x^ y^y z,, be the coordinates of the centre of 
all the forces 
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' f I f 't , >ff fff » o 

px + p X -j- p X + &c. 
p -f /?" 4- p" -f &c. 

^' " P + P + /' + &c. 

_ pz 4- y g^^ + p"z" 4- &c. 
^' - / + p" + /?'" + &c. 

2./) ^' 2./) ' ^.p 

The sign S denoting as before the sum of the series (!))• 

25. Cor, 1. If the points are all in the same plancj this may 
be taken for one of the coordinate planes^ as XA Y. 

In this case z = z" = z" &c. = 0. .\ z^ = 0. 

26. Cor. 2. If the points are all in one straight line^ this may 
be taken for one of the axes^ as AX. 

In this case z, = 0, and y, = 0. 

27«^ The intensity of any force multiplied by the perpendi- 
cular^ let fall from the point of application upon a plane^ is 
called the Moment of the force with reference to the plane. 

Thus p'x, pxy &c. are the moments of p, p", &c with 
reference to the plane YAZ. 

28. Cor, 3. If R be the resultant of all the parallel forces 

R = jEj' + y 4- p"^ + &c. with their proper signs. 
Also> Rx , := px -f p"x" -f p"x" 4- &c. 

Hence the moment of the resultant with respect to any plane is 
equal to the sums of the moments of the components. 
The same result would also obtain^ if the origin were changed. 

29. Prop, To determine the conditions of equilibrium of any 
number of parallel forces. 
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1st. We must have R = /. ^ -f f + p" + &c. = 0. 

2ndl7. Since the forces are parallel we may assume the axis of 
z parallel to their directions^ and since we must also have 

i>y + fv" + fY' + &c. = 0. 

in order that x^ and y^ may not be oo. 

Hence the necessary conditions of equilibrium. 

Ist. The sum of the forces must be equal to zero. 

&dly. The swm of their moments with reference to two planes u 
parallel to their directions, must also each be equal to zero. 

If any of the forces act in contrary directions^ they must of 
course be considered as negative ; but if the sum of the negative 
forces is equal to the sum of the positive ones^ and their respec- 
tive resultants are not opposite as well .as contrary^ there can be 
no common resultant and no equilibrium. 

30. Cor. 1 . If the equilibrium subsist, one force as p' must be 
equal and opposite to the resultant of all the others. 

31. Cor. 2. If the equilibrium subsist with one direction^ it 
will subsist with all directions of the parallel forces. 



CHAPTER III. 

ON THE COMPOSITION AND EQUILIBRIUM OF FORCES 
APPLIED AT DIFFERENT POINTS OF AN INVARIABLE 
SYSTEM, AND ACTING IN ANY DIRECTION. 

32. Prop, To investigate the effects of any forces acting on 
different points connected in an invariable manner. 

Let p', p'*y p"\ &c. be the forces anywhere situated in space^ 
then referring to three coordinate planes. Let 

x', y' z\ be the coordinates of the p<Mnt of applica* 

tion of |/. 
a'> P> y> the angles made by the direction of p' with 

parallels to the three axes. 
x"y y"> ^'9 the coordinates of//'. 

a", /3", 7", the angles of y, &c. 

Each of these forces may be resolved into three, parallel to the 
three axes^and thus three sets of parallel forces maybe obtained. 
By this resolution we obtain 

j/ COS. a -f p" COS. a" + Jt>'" COS. a'" -f &C. = X. 

;?' COS. jS' -f f COS. )9" + />'" cos. P" + &c. = Y. 

p' COS. 7' -f p" cos. 7" -f p"' COS. 7'" + &c. = Z. 

X, Y^ Z^ representing the resultants of each set of parallel 
forces (28.). 

But since each of the first set of these forces is parallel to AX, 
its moment with reference to the plane YAZ is necessarily 
= 0, and we have therefore the sums of the moments with refe- 
rence to X A Z, and X A Y (29) viz. 
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;>' COS. a,\ y' + f cos- «"• V" + V'" cos. a", y'" -f &c- 
^vith reference to X A Z^ and parallel to X A Y. 

p' COS. a . z' H- p" COS. a", z" + &c. 

with reference to X A Y^ and parallel to X A Z. 
So for the other sets> 

p' COS. p. X' + p" COS. p\ X " -f &c. 

;> 

*■ 

with reference to Y A Z^ and parallel to X A Y. 
p cos. ^. z' H- p" COS. jS". z" + &c. 

with reference to X A Y^ and parallel to Y A Z. 
andj 
'p COS. 7'. x' -f 'p' COS. 7". a?" -f &c. 

with reference to Y A Z, and parallel to X A Z. 

p COS. 7'. y' -f p" COS. 7". y" + &c. 

with reference to X A Z^ and parallel to Y A Z. 

We have here two sets of moments parallel to each plane^ but 
we may observe, that each of the two sets tend to turn the syS" 
tern* in contrary directions ; accordingly, collecting them together 
with their proper signs, we obtain for the moments parallel to 
the three planes 

p' (cos. a .y' — cos. jS'. x") + y (cos. a '. y " — cos. jS". ar") -f &c. = L. 
p (cos. 7'. a/ -i- COS. a\ /) H- p' (cos. 7". a?" — cos. a", zf^) + &c. = M. 
p (cos. j3'. z' — COS. 7'. yO + y (cos. jS". z"— cos. 7". y") -f &c. = N. 



* Figure 11 may probably represent the tendency of two moments parallel 
to the plane X A Y, or the plane of the paper, to turn the system in contrary 
directions. 



18 ELEMENTS OF MECHANICS. 

Or the expressions may be thus written : 

2. p cos. a =s X 2. p cos. /3 = Y ^, p cos. 7 = Z. 

2. /? (cos. a. y — cos. /9. x) =: L. 
2. p (cos. y. X — COS. a, z) =: M. 
2. p (cos. j3. z — COS. 7. y) = N. 

We then have the six equations^ X^ Y^ Z, h, "M, N> to determine 
the effects of the forces ; and we will proceed 

33. Prop, To determine the condilums of equilibrium. 

By combining the conditions of eqnilibrium of each set of 
parallel forces^ we find that each of the six equations must sepa- 
rately equal zero (29) ; 

X = 0, Y = 0, Z = 0, and also, L = 0, M = 0, N = 0. 

34. Cor, L The equations of equilibrium on any particular 
supposition are easily found by modifying these six equations. 

Thus if the forces met in a point, this point may be taken as 
the origin, and then the coordinates of the points of application 
being all zero, the three equations, L, M, N, are necessarily ful- 
filled; and there remain the other three as in art. 13. 

35. Cor, 2. If the forces are parallel, as, for instance, to Ax 
we have the equations Y, Z, and N, necessarily = 0, and there 
remain the other three as in art. 29. 

36. Cor, 3. If the forces are in the same plane, as, for instance, 
XAY, 

then since z', z", z'", &c. ss and cos. 7 ss 0, &c. 

the equations Z, M, N are necessarily fulfilled, whence the con- 
ditions of equilibrium for the same plane are, that the sums of 
the forces resolved in directions parallel to two axes should each 
ss 0, and that the sum of the moments round the third should 
also = 0. 
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37* Prop, To determine the conditions that there may be a 
single resulting force, 

Assaming that the quantities X^ Y^ Z are not equal to zero> 
we have to eompoimd three forces respectively parallel to three 
axes ; and we cannot have a single resultant unless the three 
meet in a point. And as any point taken indifferently in the 
line of direction of a force may be considered the point of appli* 
cation of the force : let x^, y^, z^y be the coordinates of the pointy 
hence we have (28) 

Xy, = jo' cos. a', y' -f j/' COS. a", y" -f &c. 
Xz^ = p* COS. a', z' -f j/' COS. a\ ^* -f &c. 

Similarly for the others. 

Hence, Xy^ — Yx, = L. 

Zx. — Xz, = M. 

Yz. — Zy, = N. 

Whence multiplying the first by Z^ the second by Y, and the 
third by X^ and adding 

LZ -f MY -f NX = 0. 

is the equation of condition for a single resultant. 

38. Cor. 1. The magnitude of the resultant wiU be as in 
art. 13. 

. R = V (X« -f Y2 + Z») &c. 

39. If at the same time X = 0, Y = 0, Z = 0, the above 
equation of condition is satisfied^ but yet there may not be a 
single resultant. We hate seen in art. 21, that if the resultant 
of any parallel forces = 0, the forces may be reduced to a pair of 
forces equal and contrary, but not opposite. So here each of the 
sets may be reduced to a pair, which may be compounded easily 
into a single pair. 
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40. If X = 0, and Y = 0, but Z do not = 0, then the equa- 
tion is satisfied if L = 0. Hence the forces in the plane X AY 
are in equilibrio (36)^ and there remain only the forces pa- 
rallel to the axis of Z. But if L do not = 0^ then the forces 
in the plane X A Y are reducible to a pair^ which^ if combined 
ivith the force Z, give us two forces in different planes^ and con- 
sequently no single resultant. 

41. If only X := 0^ the pair thus presented^ if combined with 
the forces Y and 7t, give us a single resultant. 

42. If at the same time L = 0^ M = 0^ N = 0^ but one or 
more of the forces X^ Y^ Z not = 0^ the equation of condition is 
satisfied^ and we have a single resultant passing through the 
origin (see 34). 

43. If one or more of the moments L^ M^ N^ and one or more 
of the forces X, Y, Z, are not = 0, and if the equation of condi- 
tion is satisfied^ we have a single resultant which does not pass 
through the origin. 

44. But if the equation is not satisfied^ the system cannot be 
reduced to a single force. 

The symmetry of the equation of condition shews that the last 
articles apply as well to any combinations of L, M, N, X, Y, Z, 
as to the combinations specified. 



CHAPTER IV. 

ON THE CONDITIONS OF EQUILIBRIUM, &c. WHEN THERE 
ARE ANY FIXED POINTS IN THE SYSTEM. 

45. When a force is applied to a fixed point it is destroyed ; 
or^ more properly^ another force is brought into action which 
keeps it in equilibrio. 

46. When a force is applied to a point which is constrained to 
move in a certain line, if the direction of the force is perpen- 
dicular to the line, there is no reason why the point should move 
in one direction along the line rather than the other. Hence 
no motion will ensue. If the force is oblique, it may be resolved 
into two ; one perpendicular wholly counteracted, the other pa- 
rallel to the line wholly effective. 

47* When a force is applied to a point situated on an impene- 
trable plane, similarly if the force is perpendicular it is counter- 
acted, but if oblique it may be resolved as above. 

The new force thus brought into action is called a force of re- 
sistance or reaction. 

48. With respect to its direction, it appears that a fixed point 
is capable of resistance in any line passing through it. That a 
line is capable of resistance in any line perpendicular to it, and 
that consequently its resistance is confined to a plane perpen- 
dicular to the line at the point where the force acts. That the 
resistance of a surface is confined to a line perpendicular to the 
surj^Eice at that point. 

49. Prop, To determine the conditions of equilibrium when 
there is a fixed 'point in the system. 

Here it is necessary and sufficient that the forces should be 
reducible to a single resultant passing through the fixed point. 
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Therefore (43) we must have L = 0, M = 0, and N = 0, or 
the forces must have no resulting moment relative to that point. 
The resistance may be estimated from X^ Y^ Z, and the 
pressure on the point is the resultant of these forces. 

50. Prop. To determine the conditions of equilibrium when 
there are twojixed points in the system. 

H«-e the line by which those points are connected^ and there- 
fore every point in it is fixed. It becomes therefore as a ^isa6. 
axis. Suppose then this axis as the axis of Z^ we at once satisfy 
Z = Oj M ss 0> and N a= (36). As to the remaining forces^ 
X, Y^ their resultant must pass through the origin which is a 
fixed point as being on the axis^ and since M and N are neces- 
sarily satisfied^ the equation L = gives the c<mdition of equi- 
librium^ which must be satisfied independently of the resistances. 

51 .V Cor, If the system be capable of sliding along the axis^ we 
must introduce Z = as another condition of equilibrium. 

52. If there are three fixed points in the system not in the 
same right line> the whole system is immoveable and equilibrium 
necessarily exists. 

53. Prop. Tojind the conditions of equilibrium if a point is 
situated on a plane. 

Here the forces must be reducible to a single resultant directed 
perpendicularly against the plane at the point of contact. Taking 
therefore this point as the origin^ and the plane as the plane 
X A Y^ it is requisite that the equations 

X = 0, Y =0, L = 0, M = 0, N = 0, 

should be satisfied (43). There then remains only a single re- 
sultant^ which (if it is towards the plane) is necessarily counter- 
acted by the resistance. 
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If it is from the plane no resistance is excited^ and the six 
equations must be satisfied for equilibrium. 

54. If two points are on the plane^ the forces of resistance are 
two parallel forces perpendicular to the plane at the points of 
contact^ and these two may (21) be reduced to a parallel resul- 
tant applied at some intermediate point. 

55. If there are more points than one on the plane in the same 
right line^ all but the extreme points are useless to establish 
equilibrium. 

56. If there are three points on a plane not in the same right 
line^ there are three forces of resistance excited, with directions 
perpendicular to the plane. These may be reduced to a parallel 
resultant applied at some point withio the triangle formed by 
joining the points. 

57* We might next proceed to investigate the pressures on the 
points of support ; but as problems on this subject sddom involve 
more than the action of parallel forces^ and are perhaps more con- 
veniently solved without having recourse to the general formulae^ 
we have considered such a discussion foreign to an elementary 
treatise. Some of the principal properties of the pressures on 
fixed points will be investigated in the application of these prin- 
ciples to heavy bodies. 



CHAPTER V. 

ON SYSTEMS OF VARIABLE FORM. 

58. The conditions of equilibrium of a rigid system are not 
sufficient in a system of a variable form. In these^ besides a 
progressive and rotatory motion^ various other motions may 
have a tendency to arise according to the nature of the system. 
The general investigation of the principles of equilibrium in such 
systems would exceed the limits of an elementary treatise ; 
especially as for practical purposes^ the consideration of certain 
particular systems may suffice. Such investigations have there- 
fore^ as not being general^ been deferred. See Section II. 
chap. 5. 



STATICS. 



SECTION II. 
CHAP. I, 

ON THE CENTRE OF GRAVITY. 

59. In the preceding section we have discussed certain theo- 
rems relating to forces applied to a point or system of points 
abstractedly. We proceed now to apply jthose deductions to 
beavy bodies. 

Experiment shews that every particle of matter is subject to a 
force which attracts it in a direction perpendicular to a horizontal 
plane or the surface of stagnant water. In reality the directions 
of the forces acting on several particles meet nearly in the centre 
of the earth : but as this centre is very distant compared with 
the distance of any particles considered together^ we may^ with- 
out any sensible error^ consider them parallel. 

This force is called gravity. 

60. Experiment also shews^ that the intensity of gravity varies 
in different parts of the earth's surface ; that it is least at the 
equator^ and increases towards the pole in proportion to the 
square of the sine of the latitude. It shews also that in the 
same latitude^ the intensity varies at different points in' the same 
vertical line ; th^t it varies inversdy as the square of the dis- 
tance from the centre : but for any points in the same system^ or 

E 
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any bodies nearly in the same place^ this variation of intensity^ «s 
well as the variation of direction may be neglected without 
error. 

61. We shall consider, therefore^ a heavy body as an assem- 
blage of material points acted on by equal and parallel forces in 
the direction of the vertical to the earth's surface. 

All these forces have a resultant equal to their sum (28) and 
parallel to their conunon direction. This resultant is what is 
called the weight of the body. 

Hence the weight of an homogeneous body (or a body of the 
same uniform materials) is independent of its form^ and is also 
proportional to its volume. 

62. In heterogeneous bodies we have different weights under 
the same volume^ and that body is called the more dense which 
has the greater number of particles. The relation^ then, between 
the number of particles, or weight, of a body and its volume, or 
bulk, is the density. Assuming then a given volume of any sub- 
stance as the unit of density, the densities of any other substances 
may be determined with reference to it, from the equation 

W 
D = — . D, W, V representing respectively the density, weight, 

and volume. 

63. When we transfer a body from one place to another on the 
surface of the earth, its weight varies in proportion to its gravity, 
although it is impossible to ascertain the difference by means of a 
balance, because both the weight and the body are changed. 
The equation, therefore, W = DV, is only true for the same 
place : but it may be made general by introducing g to denote 
the relation between gravity at any other place and some place 
where it is assumed as unity. We have then generally W 
= gDV. 

64. Since, then, all the points of a heavy body are solicited by 
parallel forces, it follows (23) that if the body is made to 
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take successively several positions^ the resultant of the forces 
will always pass through a certain point in the body. This point 
we called generally the centre of parallel farces (23) ; we call 
it when treating of bodies the centre of gravity. 

65. Prop, To find the centre qf gravity of any body. 

As a body is considered to be an assemblage of material par- 
ticles^ we have a system of points acted on by gravity in a ver- 
tical direction. The weights, therefore, of each particle form a 
system of parallel forces. And if //, p", p"\ &c. represent the 
weights of the particles which may be supposed collected in their 
respective centres of gravity; 3if, \f, / ; a?", %f\ z", &c. their coor- 
dinates, we have for the coordinates x, y, z, of the centre of 
gravity of the whole body (24). 

' ■" y + y H- pi" 4- &c. 

y* p + y + p"' -f &c. 

, _ pz 4- pz H- V'^z!'' H- &c. 
^' ~" P -^ f 4- f 4- &c. 

If the body is homogeneous, the weights of each part or par- 
ticle are simply proportional to the volumes (61) ; and if 
»', t>", w'", &c. denote the volumes of the particles, and V the 
whole volume, we have 

V od '\- v" x" H- «"' x!" + &c. 
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Hence we obtain tJuU the whole volume multiplied by the dig* 
tance of its centre of gravity from a plane ie equal to the sum of 
each part of the volume into the distance of Us centre of gravity 
from the plane. 

66. The above expressions may be made convenient for com- 
putation by the introduction of the integral calculus^ the prin- 
ciples of which give us 

__ / xdv __ / ydv ^ f zdv 

In which expressions we may observe, that x, y, z denote the 
distances of the centre of gravity of dv from the planes. 

By means of these three equations the exact position of the 
centre of gravity may be determined: but the three equations 
are not always necessary. 

67. For instance, if the centre of gravity of a plane figure be 
required, two equations are sufficient, since the centre of gravity 
must be in that plane. 

Thus for a plane curve, if ds the differential of the arc = dvj 

^ _f xds f yds 

s ^ s 

If the arc be symtnetrical on the axis of x, the centre of gravity 
is in the axis, and 

- , f xds 
y^ = .'. one equation x, = 

s 

is sufficient. 

But if it be a curve of double curvature we must refer it to 
three axes. 

68. For an area, since dv = ydx, we have 

f xydx f y^dx 

*' "" fydx' ^' "" zTydx"^ 









^ 

> 
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If the area is symmetrical on the axis of x, the one equation 

X, = \. . — . is sufficient. 

fydx 

69. For a surface of revolution round the axis of x where dv 

f xyds 
= 2 w yds the one equation x, = , is sufficient. 

70. For a solid of revolution where dv = n y^dx similarly 

X, = Xo, is sufficient. 
ffdx 

By the proper substitutions for dv in the general equations 
we may iind the centre of gravity in any other cases. 

71. The centre- of gravity may be found in many cases by 
more simple methods. 

Thus the centre of gravity of an uniform straight line is in its 
middle point. 

72. The centre of gravity of a parallelogram is in the 
intersection of the straight lines which bisect the opposite 
sides. 

For the parallelogram A B C D (fig. 12.) may be supposed to 
be made up of straight lines parallel to A B^ which have their 
centres of gravity in the line E F bisecting A B and D C, 
whence the centre of gravity of the parallelogram must be in 
E F, similarly it will be in H K^ bisecting A D and B C^ there- 
fore it is in G their intersection. 

73. The centre of gravity of the triangle may be found simi- 
larly. Supposing the triangle similarly made up, the centse of 
gravity of A B C (fig. 13.) will be in B E^ which is drawn from B 
bisecting A C, and also in C F drawn from C bisecting A B 
therefore it is in G their intersection; and as by similar 
triangles^ 
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BG : GE :: BC : FE 






BG = |-BE. 

The same principles may be extended to other simple figures 
and bodies. 

74. The characteristic property of the centre of gravity is^ that 
if it is supported^ the body wiU^ remain at rest in all positions. 
This is evident, because the resultant of the forces will pass 
through a fixed point. 

75. If there is any other fixed point in the body, it is neces- 
sary and sufiicient for equilibrium that the centre of gravity 
should be in the vertical line passing through the fixed point. 
For since the weight is a vertical force applied to the centre of 
gravity, it may be considered as applied to the fixed point when 
its direction passes through it, and therefore it will be then and 
then only counteracted. 

Hence the centre of gravity must be either vertically above or 
vertically below the fixed point or point of suspension in case of 
equilibrium. 

76. If the equilibrium is such, that the body if disturbed 
tends to return to its original position, it is called stable equili- 
brium. If the body tends to remove farther from its position, 
it is called unstable. If it remains at rest in any position we 
have neutral equilibrium. 

77- If the centre of gravity is vertically below the point of 
suspension, and any disturbance were to move it from its position, 
as in fig. 14, we have two forces acting on the body, the resistance 
of the point of suspension in the direction of G S, and its weight 
in the direction of G K, the resultant of which falls within the ' 
angle S G K and will not vanish until G K coincides with G H, 
we have here then stable equilibrium. 
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If 6 coincide with S we have neutral equilibrium. 
If G be vertically above S we have unstable equilibrium, see 
fig. 15. 

78. Hence we derive a practical method of finding the centre 
of gravity. Suspend the body by two different points succes- 
sively, and the intersection of the vertical or plumb-lines in each 
case is the centre of gravity. 

79. The pressure on the point, by which a body is suspended, is 
clearly in the case of equilibrium equal to the weight of the body. 

80. If a body is suspended from two points it will not rest 
until, the centre of gravity is brought to the vertical plane pass- 
ing through the two points of suspension. 

The pressures on the two points may be determined by ob- 
serving that the weight of the body may be considered as applied 
to the centre of gravity, and that it must be resolved into two 
forces whose directions must pass through the fixed points in 
order to be counteracted. Hence the two lines drawn from the 
centre of gravity to the points of suspension are in the direc- 
tions of the pressures, and the vertical is the direction of the 
weight ; and the weight is given. Hence in a paraUelogram of 
forces, we have the two sides and the diagonal given in position 
and one given in magnitude, whence the magnitude of the other 
two are determined. 

81. If there are three fixed points, the body is fixed neces- 
sarily. With respect to the pressures on each point, we have the 
three lines drawn from the centre of gravity to the points in 
their direction, and the vertical is the direction of the weight, the 
magnitude of which is given. Hence we have in a paraUele- 
piped the three sides and diagonal given in position, and one 
given in magnitude, to determine the magnitude of the other 
three as before. 

82. If a body be placed on a horizontal plane, and touch it 
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only in one pointy it will be in equilibrio if the weight be coun- 
teracted by the resistance of the plane> or if the vertical through 
the centre of gravity and the perpendicular to the plane at the 
point of contact coincide. In this case the smallest force will 
disturb the body^ but the equilibrium may be stable, unstable, or 
neutral, 

83. If a body touch the plane in two points, the vertical 
through the centre of gravity and the perpendiculars to the 
plane at the points must be in the same plane if the body is in 
equilibrio. Thus if A B C (fig. 16.) represent a vertical section 
through the two points of support P^ Q> there will not be an 
equilibrium unless G H the perpendicular from the centre of 
gravity is in the same plane, or, which is the same thing, meets 
the line P Q. 

The pressures on P and Q may be estimated by the theory of 
parallel forces, and 

P:Q: w :: hq.hp.pq. 

P, Q, W, representing the pressures on the two points and the 
weight of the body respectively. 

84. If there are more than two points of contact in the same 
right line, only the extreme pmnts are requisite for equilibrium, 
and the problem of the pressures is indeterminate, as the pres- 
sures may be any how distributed ; a third point may support 
nothing or any portion of the weight. 

85. If a body touch the plane in three points, not in the same 
right line, it will be supported if the vertical through the centre 
of gravity fall within the triangle formed by joining the three 

points. 

To estimate the pressures in this case, suppose P Q R (17*) 
to be the triangle formed by joining the three points, H the point 
where the vertical through 6 meets it^we have here to resolve 
the weight or vertical force at H into three others parallel to it. 
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acting at P^ Q> and R ; join P H and produce it to meet R Q 
in K. Then by resolving W at H, by parallel forces we have 

P: W :: HK:PK :: triangle R H Q : triangle P Q R. ./(c/.n.f 

So joining Q H and producing 

Q: W :: HM:QM :: triangle P H R : triangle P Q R 

and similarly 

P : Q : R : W : : triangle R H Q : triangle FH R : triangle 

P H Q : triangle P Q R. 

86. If the body touches the plane in more points than three> 
the pressure on the several points is indeterminate^ but the sum 
of the pressures is equal to the weight of the body. 

87. If the vertical through the centre of gravity of a body 
on a plane meets the plane in a point within the base^ the body 
will be supported. For the resultant of the parallel forces of 
resistance must faM within, the figure formed by joining the 
several points of contact^ since the forces are in the same direc- 
tion (21) and consequently can counteract the weight. 

If the vertical falls without the base, we have two parallel 
forces in contrary but not opposite directions and the body will 
turn over. 

88. The stability of the body will depend on the excess of the 
shortest line that can be drawn from the centre of gravity to the 
perimeter of the base above the vertical from the centre to the 
plane, on the excess of G P above G H, in fig. 18. For G must 
be raised to an elevation equal to this difiference in order to turn 
the body over the edge of the base at P. 

Hence the greater the base H P, the greater the stability, if 
the height of G is the same. And the greater H G the less the 
stability, if H P is the same. 

F 
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80. If the plane be not horizontal but inclined the body will 
descend, if there is no restraint from friction. 

For the weight of the body may be resolved into two forces, 
one perpendicular to the plane and the other parallel to it, of 
which the perpendicular can alone be counteracted by the plane. 
In this case if the vertical through the centre of gravity fall 
within the base of the body, the body will slide : if it fedl with- 
out, the body will roll or tumble over. 

These principles might be extended to the investigation of the 
circumstances of equilibrium upon a point and a surface, or upon 
two surfaces, &c. but enough has been said to develop the gene- 
ral principles of such investigations. 



CHAPTER 11. 

ON THE MECHANICAL POWERS. 

This object of machinery is to enable us to transmit and to 
economize certain forces at our disposal^ in order to counteract 
some other forces. 

The most simple machines are generally called the mechanical 
powers^ and they may be most conveniently classed under three^ 
viz. the lever, the card, and the inclined plane. 

ThQ Jlrst class comprehends every machine consisting of a solid 
body capable of revolving on an axis^ as the balance, and the 
wheel and axle. 

The second class comprehends every machine in which force is 
transmitted by means of flexible threads^ cords^ &c.^ hence it in- 
cludes the pulley. 

The third comprehends every machine in which a hard sur^Eice 
inclined to the horizon is introduced^ as in the wedge and the 
screw. 

In machines the force which is used to sustain or overcome 
any opposition is frequently called the power; the opposition to 
be overcome is called the weight. But the terms power and 
weight must not be understood as implying any necessary dis- 
tinction between the forces. 

The advantage of machines consists in the introduction of c&r^ 
tBinJixed points or props, by the reaction of which a new force 
is introduced. 



CHAPTER II. §. I. 

THE LEVER. 

91. A lever is an inflexible bar capable of angular ntotion 
round a pointy which is called the Julcrum. 

The bar may be straight or any how bent, 

92. The lever is generally considered at first as being without 
weighty but evidently the weight is merely another force applied 
at the centre of gravity in a direction perpendicular to the hori- 
zon. And in order to obtain the properties of the lever we will 
commence with the following general proposition. 

93. Prop, To determine the conditions of equilibrium of 
forces any how situated applied to any lever. 

We have here a system of forces with a fixed pointy whence^ as 
in art. 49^ the forces must be reducible to a single resultant 
passing through the fulcrum ; and they must have no resulting 
moment relative to that point. 

The pressure on the fulcrum =resultant of the forces. 

94. Cor, If the fulcrum is a cylindrical axle> and the lever 
can only move in one plane^ then^ as in art. 50, the only condi- 
tion is^ that the moments of all the forces reduced to that plane 
should equal zero. 

The pressure on the axis is in this case determined from the 
equations X and Y (32). 

95. In the ordinary applications of the lever the forces are 
situated in the same vertical plane, and the lever is only capable 
of moving in that plane. In this case it is easy to determine the 
conditions of equilibrium. 
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Let fall perpendiculars from the fulcrum on the directions of 
the forces^ then if 

p, p"i p'i &c. represent the forces. 

q, q", (('\ &c. represent the perpendiculars^ 

we have (15) 

/ _/ 1 II II . Ill HI t a i\ 

P^ -^ P 9 + P q 4-&C. = 0, 

or the sums of the moments qfeUl the forces round the fulcrum 
must = 0. Those which tend to turn the lever in contrary- 
directions have of course different signs. 

96. This condition may be more conveniently expressed^ thus^ 

let /, /', r", &c. be the distance of the points of application of 

the forces from the fulcrum. 
a, a", au"y &c. the angles made by the directions of the forces 
with the distances. 

Then since q = r sin. a, &c. 

II* I , It II * II t III 'II * III I o i\ 

p r sin. a + p r sin. a + p r sin a + «c. = U, 

or X. p.r. sin. a = 

is the equation of equilibrium. 

In this formula^ the distances on the one side of the fulcrum 
must be taken as positive^ and those on the other as negative. 
Also those forces which act upwards must have different signs 
from those which act downwards. 

The pressure on the fulcrum is equal to the resultant of all 
the forces. 

97. Cor. 1. If the forces act in parallel directions^ 

/ // ni D 

a = a =: a &C. 

and we have 

p'r -f p' r" -j- p^ r" + &c. = 0, 
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d8. Cor. 2. If there are only two forces parallel to each other 

.\ p r -^ p r =0. 

Hence either one of the forces must be negative or the points of 
application on contrary sides of the fulcrum, so that 



/ / ff ft 



p r ^ p r 
Gf jf : p" \\ T : r 

or the fwoes are reciprocally proportional to their distances from 
the fulcrum. Compare art. 21. 

99. In practical applications where only a power and weight 
(90) are introduced, it is usual to divide levers into three kinds, 
according to the relative positions of the power, weight, and 
fulcrum. 

In a lever of the Jirst kind, the fulcrum is between the power 
and the weight. 

In the second, the weight ia between the power and the 
fulcrum. 

In the third, the power is between the weight and the 
fulcrum, 

100. We sometimes have a combinaticm of levers presented to 
us, either all of one kind, or different, as circumstances require. 
The conditions of equilibrium of this compound machine are 
easily investigated. For the effect or weight of the first, is as it 
were the power upon the second. Thus if ABD (fig. 19.) re- 
present a system of two levers, F and F' being the fulcra, we 
have (98) 

Pat A : P at B :: FB : FA. 

P at B : P at D : : FD : FB. 

.-. P at A : P at D : : FB. FD : FA. F'B. 

and similarly for any number of levers. 



CHAPTER 11. §. II. 

THE BALANCE. 

101. The balance is a lever^ and generally of the first kind. 
Its object is to ascertain the weight of any body. 

In its usual construction the balance has two equal arms^ at 
the extremities of which pans or scales are suspended^ into one 
of which the body whose weight is required is placed^ and into 
the other bodies whose weights are known. 

Since tlie arms are equals an equilibrium will exist if equal 
weights are placed at each end (98) ; but rest alone is not suffi- 
cient. For if the fulcrum were placed at^ or if it were sus- 
pended by the centre of gravity^ it would rest in any position. 

The requisites of a good balance are^ 

1st. The horizontaliiy of the beam or bar. 

2ndly. The sensibilUy of the system. 

3rdly. The stability of the system. 

102. The beam will remain at rest in a horizontal position^ if 
the centre of gravity of the system be below the point of suspen- 
sion in the perpendicular to the beam at that point {7^)> which 
it will be if the arms and scales are equal and of equal weight. 

103. The sensibility of the balance is measured by the angle^ 
which the addition of a very small weight in either scale would 
cause the arm to describe from, its horizontal position. 

To estimate this^ let AB (fig. 20) represent the arms of the 
balance, S the point of suspension^ 6 the centre of gravity of tlie 
system when a weight equal to P is in each scale : let also, W = 
the weight of the system when unloaded. By the addition of a 
small weighty w, in the scale at A^ the extremity A will be de- 
pressed^ and the centre of gravity of the syst^to will take a dif- 
ferent position^ as O' (fig. 21) in the vertical ti^rough S. Then 
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V ; . if HSK be drawn parallel to the horizon through S, the L GSG' 
which = L ASH measures the deviation of the beam from its 
horizontal position. 

The point G' is now the centre of gravity of 2 P -f W which 
may be considered as placed at G^ and of m placed at A. 

Hence (96) G K being a vertical line^ 

w. SA. sin. SAH — (2 P + W). SG. sin. SGK = 

or if SA = r, SG = 6, and L ASH = d. 

.*. sin. SAH =.cos. d. and sin. SGK = sin. d. 

Therefore we have, 

r. fu 
tan. 6. = 



(2 P + W). b. 



The sensibility is therefore increased^ either (1) by increas- 
ing the length of the arms^ or (2) by diminishing the distance 
between the point of suspension and the centre of gravity 
of the system^ or (3) by diminishing the weight of the beam or 
load. 

104. The stability is measured by the tendency to return to 
its position of equilibrium^ if it is disturbed. 

If the balance is brought into the position represented in fig. 
21., we have the weights 2 P 4- W applied at G tending to 
restore the horizontality of the bar; and the moment of these 
weights is (2 P -h W) b. sin. B. 

Hence by increasing the sensibility we diminish the stability. 
The only way of combining the requisites is to lengthen the 
arms without increasing their weight, which may be at the ex- 
pense of their rigidity or strength. 

In the preceding investigations we have supposed the line 
A B to pass through S the point of suspension. In practice this 
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is not the case, but the error arising from the supposition is 
incondderable. 

105. The Steelyard is a balance with one arm longer than the 
other. A given weight is moveable upon the longer arm, and 
the body to be weighed is attached to the extremity of the 
shorter (fig. 22). 

106. The Danish Steelyard has a given weight attached to 
one end^ and the body to be weighed is attached to the other^ the 
fulcrum being moved to establish equilibrium. 

But enough has been said to shew the principles of these and 
other contrivances. 
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CHAPTER II. §. III. 



THE WHEEL AND AXLE. 

107* The Wheel and Axle consists of a cylinder «r axle AB^ 
(fig. 23.) and a circle or wheel, whose centre is on the axis of 
the cylinder. The whole is supposed to be perfectly rigid and 
to be moveable only round the axis of the cylinder. 

^ 108. Prop. To determine ike conditions of equilibrium of any 
forces acting on the wheel and axle. 

We have here a system of forces with a fixed axis, whence as 
in art. 50. the requisite condition is that there should be no mo- 
ment round the axis. 

109. But in the ordinary applications of the wheel and axle, 
the power ia applied to the sur&oe of the wheel, and the weight 
to the surface of the cylinder. To ascertain the conditions of 
equilibrium in this case, we may suppose the power and weight 
to act in the same plane, since the whole system is assumed to 
be perfectly rigid, and therefore any motion communicated to 
one part of the surfieice of the cylinder is communicated to every 
part. We have then a simple case of the lever, and therefore 
if P and W are the power and weight (98.) 

P : w :: CA : CB (fig. 24.) 

rad. of axle : rad. of wheel. 






110.- If ropes are used for the action of the power and weight, 
we must suppose the forces applied to the axis of the ropes. In 
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tliis case if t, and t' represent half the thickness of the ropes^ and 
r and r^ the radii of the axle and wheel 

P : w :: r + ^ : r' 4- ^ 

111. K the power and weight are on opposite sides of the 
axis^ the pressure on the axis equals the sum of the two ; if they 
are on the same side the pressure equals their difference. 



CHAPTER IL §. IV. 

THE CORD. 

112. The C<yrd or Rope is useful as a means of communicatitHi 
of force ; and if we introduce merely a simple cord no other ad- 
vantage is gained^ since the forces at each end must be equal 
and opposite in the case of equilibrium. 

But by passing the cord over^ or attaching it to certain fixed 
points^ the resistance of these points thus excited may be em- 
ployed advantageously. 

113. Prop, To determine the conditions of equilibrium of a 
cord acted on hy any forces applied at different points of the 
cord. 

Let A B C D £ (fig. 25.) be a cord of any length drawn by 
different forces pf, p", pl"y &c. applied at the points A^ B, C, D, 
&c. and acting in the directions Ap', Bp", Cp'", &c. 

Now equilibrium cannot exist unless each of the parts of the 
cord BC^ CD^ &c. are drawn at each extremity by equal and 
opposite forces in the directions of the parts. Hence the result- 
ant oipf and p' must coincide %vith C B produced^ and this result- 
ing force in the direction B K may be considered as applied at 
any point in its direction^ and therefore may be supposed to act 
at C. When it is transferred to that point it may be again re- 
solved into two^ in directions respectively parallel to the original 
components^ as Qm'y Cm'\ Similarly the resultant of the three 
p, Pi p"i may be transferred to the point D, and again decom- 
posed ; and so on for any number. 

Hence the condition of equilibrium is^ that the forces iftrans^ 
f erred to the same point,- and supposed to act at that point in 
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directions parallel to their own directions, should keep the point 
in equilihrio. 

Therefore if « , /9', y be the angles which p makes with three 

axes. 
&c. &c. 

the equations of art. 18 apply here^ viz. 
2. p. COS. a = 0. 2. p. COS. p. = 0. 2. p. cos 7. ^ 0. 

114. But it may be more convenient to consider distinctly 
the case of a cord acted on by three forces. 

Let A C B {^g, 26.) be a cord drawn by two forces p, p", at 

its extremities^ and another force p" at any intermediate point C^ 
in the direction Cpl', Complete the parallelc^am C M K N 

having its diagonal K C in the direction of the forc6 pl\ and the 

other sides in' the direction of the other forces. Hence if /_ 

A C K = a, and Z K C B = «' we have in the case of 

equilibrium (10) 

P : p : p" :: CM : CK : CN 

:: sin. KCN : sin. MCN : sin. MCK 
: : sin. a : sin. (a + a') : sin. a. 

115. Cot. 1. If the cord be fixed at the points A and B^ 
the reactions of the points take the place of the forces. These 
reactions are also equal to the tensions of the two parts of the 
cord. 

116. Cor, 2. If the force p" which is applied at C, be applied 
to a running knot or ring^ the points A and B being fixed^ the 
ring will not remain at rest until the direction of the force bisects 
the angle made by the two parts of the cord. 

For the ring in its descent will describe an ellipse (^g. 27-)^ 
A and B being the foci^ and the force will not be destroyed^ or 
in equilibrio^ unless it be a normal to the curve : or unless 
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L ACK = L BCK. 
.*• pressure on A s= pressure on B. 
and since y : jf' \\ sin. a' \ sin. (a + a'). (114.) 

sin. a : sin. 2 a \\t\^% ! x^^^^Oo<d<, 

1 : 2 cos. a 

•% //' = 2 p COS. a. />' denoting the pressure at A or B. 

The same would apply if the cord instead of being fixed at A 
and B passed over those points^ and had weights attached to 
each end (fig. 28). The demonstration shews that in the last 
case^ the weights must be equal. 

But if the cord were bent at a sharp angle^ a great loss of 
fiorce would be occasioned by the rigidity and friction (tf the 
cord ; to obviate whicb^ the pulley has been contrived. 



CHAPTER II. §. V. 

THE PULLEY. 

117* The Pulley is a small grooved wheel moveable about an 
axis and fixed in a block. The cord passes over the drcum- 
ferenoe. of the wheel in the groove. 

The nse of the pulley is to prevent the effects of friction^ and 
the rigidity of the cord. The first of these it diminishes by 
transferring the friction from the cord and the circumference of 
the wheel to the axle and its supports^ which may be highly 
polished. The effects of the rigidity are diminished by turning 
the cord in a drcnlar arc instead of at a sharp angle. 

118. The conditions of equilibrium of a cord passing over a 
pulley^ are the same as those of a cord passing over a fixed point, 
or through a ring. 

In the single Jixed pulley (fig. 29.) no advantage is gained, 
except convenience in the application of fierce, and here 

P = W. 

In the single moveable pulley (fig. 30.) we have by art. 116, 

W 

*" generally. 



2 COS. a. 



But if the ropes are parallel a = 0. 

W 

This supposes the weight of the block itself to be inconsider- 
able, but if it cannot be neglected, it must be added to the 
weight to be sustained, and is therefore a disadvantage. 
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119. By combinations of fixed and moveable pulleys^ the 
power is rendered capable of sustaining a greater weighty and 
may be applied to greater advantage^ and tbe ratio of the power 
to the weight in some of the more useful combinations may be 
easily deduced. 

In the system (fig. 31.) where one is fixed and one moveable^ 
no other advantage is gained by the introduction of the fixed one> 
than convenience in the application of the power^ which may 
then be another weight. And if fv = the weight of the move- 
able blocks we have (118.)^ if the parts of the ropes are parallel. 

2 P = W -h w. 

120. In the system (fig. 32.) where there are two blocks of 
pulleys^ the upper one fixed^ and the lower one moveable^ where 
the same rope passes round all the pulleys, and the weight is 
attached to the lower block, and the power is applied to the ex- 
tremity of the rope, we have merely a combination of the last 
case, and therefore 

w P = W + w; 

where n is the number of ropes at the lower block and fv = 
weight of the lower block. 

If the ropes are not parallel, we must introduce the cosine of 
the angle made with the vertical in each case (118), but the 
angle is generally so small that it may be neglected. 

• 

121. In the system (fig. 33.) where each pulley hangs by a 
separate rope, we have merely a combination of the single move- 
able in art. 118. 

Hence if the ropes are parallel 

2» P = W -h w' 4- 2 w" 4- 28 w'" + &c. 
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where n is number of moveable pulleys^ and w, nf\ v/"y &:c. 
the weights of each block. 

If the ropes are not parallel we must proceed as in the last case. 

122. In the system (fig. 34.) where each rope is attached to 
the weight. 

If the ropes are parallel we have 

W =^ (2° — 1) P + (2°-i _ 1) 11/ 4- (2°-« — . 1) «/' + &a 

Whare n is the number of pulleys and mfy w" nf", &c the weights 
of each. 

In this system the weights of the pulleys are on the side of 
thepofi^er. 

123. With respect to the pressures on the fixed points we at 
once ptf ceive that in the single fixed pulley the pressure on the 
axis == 2 P cos. a. (116) if a be half the ang^e of inclination of 
the ropes. 

In the system in art. 119^ the fixed points sustain P + W 4- 
m, and the pressure on B is twice the pressure on A. 

These ^ffinciples will be easily applied to the other systems. 
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THE INCLINED PLANE. 

124. The inclined plane assists by its reaction in sustaining a 
heavy body. 

A body on inclined plane will^ if left to itself^ descend (89)> 
since the reaction of the surface which is in the direction of the 
normal (48) cannot entirely counteract the weight of the body. 
Some other force must therefore be made to act upon the body^ 
in order that it may be sustained. 

125. Prop. To determine the conditions of equilibrium of a 
body sustained by any force on an inclined plane* 

Let K L M (fig. 35.) be a body on an inclined plane A C^ 
then its weight W may be considered as acting at 6 the centre 
of gravity of the body in a vertical direction. If then a force P- 
acts upon it^ the first condition is that the forces P and W 
should have a single resultant ; hence their directions must meet 
in some point. And since W acts in the vertical direction^ the 
first condition will be fulfilled, if the force P acts in the vertical 
plane passing through the centre of gravity of the body. 

The second condition is, that the resultant of the forces should 
be a normal to the plane, in order that it may be counteracted 
by the reaction ; hence the vertical plane through the centre of 
gravity must pass through the surface of contact of the body, and 
be perpendicular to the plane, i. e. perpendicular to the intersec- 
tion of the inclined and horizontal planes. 

If therefore G P, G H, and G N (fig. 36.), represent the di- 
rections of the three forces, viz. the acting force (P), the weight 
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of the body ( W)^ and the reaction of the phine (N)^ we have by 
the parallelogram (9)^ 

W : N :: GI : GF : GE 

sin. I EG : sin. GEF : sin. GFE 
sin. BAG : sin. PGE : sin. PGH. 

If several forces act on the body^ P must be considered as 
their resultant. 

126. Cor, 1. Hence P is capable of sustaining the greatest 
weight, when sin. P G E is the greatest, or when P is parallel to 
the plane. In this case we have 

P : W : N :: CB : CA : AB 

:: height : length : base. 

127. Cor. 3. If P act parallel to the horizon, 

P : W : N :: CB : AB : CA 

:: height : base : length. 

128. If two inclined planes of equal height are placed as it 
were back to back, and weights W, Vf' support each other on 
them by means of a cord over a pulley or wheel on the top, so 
that the parts of the cord are parallel to the planes, as in fig. 37> 
Then if L and U are their lengths, and H their common 

height, the power necessary to sustain each weight. (126) W. -=:- 

Li 

TJ XT 

• W — — W — 

• • L "" L' 

/. W : W :: L : L'. 

129. If a body be sustained between two inclined planes which 
meet at an angle (fig. 38.), its weight is counteracted by their 
reactions ; hence the directions of the three forces must meet in a 
point, and the conditions of equilibrium may be investigated as 
in the above cases. 
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THE WKDGE. 

« 

130. The Wedge is a triangular prism and is generally used 
to separate obstacles by introducing one of its edges (called the 
angle of the wedge) between them. 

The power is exerted on the back or sur&ce opposite to the 
angle; and we may suppose its direction to be perpendicular to 
the angle. The weight is in this case the resistances opposed by 
the obstacles to the two faces of the wedge which contain the 
angle : and if we suppose the faces to be perfectly smooth, the 
only effective parts of the resistances must be perpendicular to 
the sur£EU%s. 

151. Paop. To determine the conditions of equUibrium of the 
wedge. 

Let ABC (fig. 99.) be a section of the wedge, and let a 
power P act on the back A B in the direction P D E, let M D 
and ND be perpendicular to the sides and therefore in the 
direction of the resistances, then taking any line DE in the 
proper direction to represent the power and completing the 
parallelogram D I E K, the sides D I, D K represent the 
resistances. 

.•. If W, W represent the resistances 

P : w : w :: DE : Dl : IE 

:: AB ; AC : B C, by sim. triangles. 

/, P : W -h W' :: AB : AC -h BC. 

132. Cor, If the wedge is isosceles, or the section an isosceles 
triangle 
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/. P : w + w :: AB : 2AC 

:: sin. ^ ACB : radius. 
In this case W = W. 

133. In investigating the theory of the equilibrium of the 
wedge, we hare omitted the consideration of theyHc^n^ and we 
have also supposed the power to be a pressure. Whereas in 
practice the wedge is kept at rest by friction alone> and the 
power arises from percussion. 







CHAPTER 11. §. VIII. 

THE SCREW. 

134. If we divide the rectangle A B C D (fig. 40.) into equal 
parts by the lines mriywf n', &c. parallel to the sides^ and draw 
the parallel diagonals of the rectangles thus formed^ and if we 
suppose this rectangle to be wrapped round the surface of a 
cylinder^ the perimeter of whose base is equal to A B^ and alti- 
tude to B C^ the diagonals of the rectangles will trace on the 
surface of the cylinder a continuous curve^ which is called the 
helix ■. 

If a projecting thread or rib be attached to the cylinder upon 
this curve^ we have the external screw or as it is more properly 
called the screw. Similarly if we take a hollow cylinder of ex- 
actly the same radius as the solid one, and generate a groove in 
the same curve^ we have the internal screw or nut. 

The screw is placed in the nut^ which is generally fixed^ 
though the circumstances of the problem will be the same which- 
ever be moveable. 

135. Prop. To determine the conditions of equilibrium on the 
screw. 

From the construction it appears that the thread of the screw 
is an inclined plane. The force is generally applied by means of 
a lever attached to the top of the screw^ and since the whole 
system may be supposed perfectly rigid^ we may in the investi- 
gation suppose the force to act in the same horizontal plane as 



* For a discussion of this curve, see Cauchy, Applicat. du Calcul. Infini' 
tesimal, xiii. or Hymer's Analytical Geometry, 34. 
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that in which the resistance against the thread of the screw is 
situated. 

If then £ D B (fig. 41.) is a horizontal section of the screw 
through B the point where the resistance or weight is supported, 
and if CBA represent the position of the lever, we have a 
weight sustained at B on an inclined plane hy a force parallel to 
the hase. 

If therefore r = radius of cylinder. 

R =: radius of circle described by the power P. 
h = distance between two threads ss m m\ 

By art. 127- 

P at B : W : : height of plane : base 

h : 2irr 






and by art. 98 

p. : P at B : : r : R. 

/. P : W :: h : 2»R. 

We have here supposed the whole resistance sustained at one 
point in the thread, but if the resistance be distributed over one 
or more threads, we have 

Each part of P : the part of W sustained by it : : A : 2 ir R 

.-. P : w :: k : 2irR. 



CHAPTER III. 

ON THE FUNICULAR POLYGON, AND CATENARY. 

136. The investigations in the last chapter^ on oords^ if 
extended^ lead to some remarkable results. 

The polygon formed by forces acting at different points of a 
cord^ is called the funicular poly gon. 

To the condition of equilibrium before deduced (113) it must 
be added^ that, as the cord is inextensible, or incapable of being 
lengthened^ but not incompressible or incapable of bending^ the 
forces must be divellenl, i. e. they must act /rom within towards 
without. 

But if the sides of the polygon are so many incompressible 
bars simply resting against each other^ without joints at the 
angles^ it will be necessary that the forces act yrom without t€>^ 
wards within, urging the angles to approach each other. 

But if they are rigid bars with joints at the angles^ so that the ^ 
angles may open or close, but the extremities of the sides cannot 
separate, it will be indifferent in which direction the forces act. 

137. Prop, To compare the forces which anting on a cord 
keep it in equilibrio. 
Let/'B (fig. 42.) be produced to N, 

and let the Z. p'B N = a and so the Z. B C M = jS 

Let t be the tension of G B or the resultant of p' &ndp*\ 

.•. (114)// : pf' : t \\ sin. a' : sin. (a -f a') : sin. a 
also t : /" : /' : : sin. p' : sin. {p + ^) : sin. /9. 
&c. &c. 
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Fnmi the first <yf these prepoitions we obta&i 

»" sin. a »" sin. a, 

n zsz — = / :=: * 

^ sin. (a •+• a') sin. (a -f a') 

^id since t in the first proportion is the same as ^ in the second^ 

p" sin. a /)*" sin. j9' 

sin. (a •+. a ) "" sin. (/3 -f /S'J 

y^^ sin, p _ p'"' sin, y^ 

sin. (/3 + j9') "" sin. (y + y) 

If the cord be fixed at the points A and E^ the value oip' is 
the tension of the part B A. 

138. Cor, 1. If when the oord is suspended at A and £ the 
directions of the forces are all parallel^ we have 

sin. a' s sin. p, sin. P = sin. y, &c. 

Multiplying therefiHre tikese by die expressions for the tensiims 
of the strings in the last a^rticle, weliave 

j>" sin. a sin. a' ^^ //" sin. /3 sin. fif 



sin. (a + a) 




sin. (/3 -h iS-) 


s= 




//'" sin. y sin. y' 


J/' _ jf" 




p- 


cot. a -J- cot. a cot. /3 •+• 


cot 


. P cot. y -f cot. y 



cot. a -J- cot. a cot. /3 •+• cot. P cot. y -f cot. y' 

In this case the directions of the forces and the whole polygon 
necessarily lie in the same plane. 

139. Cor 2. If the forces ff\ p**', &c. are weights suspended at 
tlM poiatss B^ C, D/&C. the whole will necessarily lie in the 
vertical plane passing through the points of suspension. 

If in this case the tension of any one «f the strings is reselired 
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into two, one vertical and the other horizontal, as for instance 
B A (fig. 43.) into BN, NA j 

the horizontal tension N A = A B. sin. A B N = p' sin. a 
so the horizontal tension of C B = < sin. /3. 

Substituting for p and t their values found in art. 137, we 
find the horizontal tension of B A = — . — 7 

cot. a + cot. a 

the horizontal tension of C B = ^ ^ . — —^ &©• 

cot. p -f cot. p 

and therefore (138) they are all equal to one another. 

Hence the horizontal tension is constant throughout the whole 
polygon. 

140. Cot* 3. Since the reactions of the points A and E equili- 
brate the resultant of all the weights, the lines A B, ED. pro- 
duced must meet one another in some point of the vertical 
through the centre of gravity of the system. For three forces, 
if in equilibrio, must meet in a point. 

141. A heavy cord may be considered a funicular polygon 
loaded with an infinite number of small weights, and since the 
number of weights is infinite, the polygon will also have an infi- 
nite number of sides, or will become a curve. 

This curve, which a heavy cord or chain of indefinitely small 
links will assume when suspended from two fixed points not in 
the same vertical line, is called the catenary. 

142. Paop. Tojlnd the equation to the catenary, 

Le K and K' (fkg, 44.) be the points x)f suspension, and taking 
the lowest point A of the curve as origin, and the vertical and 
horizontal lines passing through it as axes. 
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let AM = X, PM == y, AP = s. 

Now the equilibrium will subsist^ if the whole arc A K' be 
supposed to be removed^ provided that a horizontal tenaon is 
applied at A equal to that which would be produced by the arc ; 
which horizontal tension is constant throughout the whole 
system (139) 

If then P T is the tangent at P^ the three sides of the triangle 
P T M represent respectively the tension of P K^ the weight of 
A P^ and the horizontal tension of A K'. 

MT 

A weight of A P (= W) = mP^' horizontal tension of A K' 

dx , 
= — — . ck 
dy 

where c denotes a length of the curve^ the weight of which 
would be equal to the horizontal tension^ and k is the weight in 
the unit of length. 

If the curve is uniform in density, or the catenary is homoge- 
neous, 

W = it*. 

dx c dy 

Hence j = c -r- . /• ~ = -r- 

dy s ax 

which is the differential equation of the catenary. 

To integrate this, we obtain by squaring both sides and adding 
unity to each. 



^_±_f* ^ ^y^ -^ 



ds^ d^ 

dx^ da^ 

sds 



'■• ^'^ ~ Ve* + A 
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Hence^ since if or =s ,*• « 







•*•'=>/ a* •+• 2 ex. 



143. Prop, To find the equation between y and s. 
By inverting the differential equation^ squaring both 8ides> 
and adding unity to each^ 

<» + c^ rfjg -I- df _ df 
<? dy* "" dy* 



.'. dif = 



cds 



Vc« + *» 



Hence int^rating and correcting as above> 



c. h,L 



-I- Vc» -J- ** 



144. Prop. To find the equation between x and y. ^ 
Substitute in the last equation the value of s found in the 
preceding case^ 



/, y =1 c* h,L 



a: •+• c •+• Va* + 2 



ex 



t > 



^- * ' -- ^ ^;-^ , k' i 
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DYNAMICS- 



INTRODUCTION. 



145. Motion or the passage from place to place (2) must be 
accompanied with a determinate rate. 

The duration of the passage may be greater or less^ and the 
greater the ''duration or time, the slower the motion, and the less 
the rate. The distance of the two places maj also vary, althou^ 
the duration of the motion remain the same, in which case the 
greater the distance or space, the greater the rate. 

146. This rate of motion is called the velocity, and although 
velocity is not itself a mathematical quantity, yet as our ideas of 
it are formed from the duration or time of the motion, and the 
space passed over, it is at once brought within the province of 
mathematical reasoning. 

Velocity then depends on the time and the space, and by fixing 
either on some given time, <»r some given space, a comparison may 
be made between two or more velocities. 

It is more usual and convenient to assume some unit of time 
for the comparison, and in mathematical reasonings one second is 
fixed upon. 

Velocity then is measured by the space described in the unit of 
time. 

In any other time t we obtain the equation 

s 
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This supposes the motion to be uniform or equal spaces to be 
described in equal successive portions of time. 

If the spaces thus successively described are not equal, tlie 
motion is variable^ and either accelerated or retarded, according 
as the spaces form an increasing or decreasing series. 

In the case of variable motion, the velocity is naturally 
measured at each instant by the limiting ratio of the increment 
of the space to the time in which that increment is described. 

Hence by the nature of the differential coefficient. 

Velocity therefore generally is measured by the space that would 
he uniformly described in a given time, were all disturbing causes 
at that instant removed. 

147* The cause of motion has been called (3) force, which 
force is considered as applied to a point or elementary particle of 
matter. These elementary particles we assume to be perfectly 
passive, i. e. to have no force or power resident in them by 
which they can impede or any way modify the effect of any force 
or impressed motion *. 

Hence if a force act on a point during an indefinitely smaU 
time, and, having communicated a determinate velocity, cease to 
act upon it, the effect of such a force is equable and uniform 
motion in the direction of the force. 



^ For the deduction of the equations between the force, time, and velocity, 
&c. and for the establishment of the theory of motion, two assumptions have 
been made, equivalent to the two first laws of motion, viz. the inertia of the 
point or elementary particle of matter, and secondly, that the effect of a force is 
proportional to the force, and in the direction of the force. That such are the 
laws according to which matter actually moves will be considered in the proper 
place. 
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If a force contintially act upon a pointy the velocity is at every 
instant increased and the effect is variable motion in the direc- 
tion of the force. Such a force is an accelerating force, and if 
the alteration of velocity is consfant, i. e. if equal velocities are 
added in equal successive times, the force is called an uniformly 
accelerating force, or simply an uniform force. 

Such a force is therefore measured by the velocity generated in 
any time, and here also it is most convenient to assume one 
second, as the unit of time for a standard of comparison. 

Hence an uniform force, it manured by the velocity generated 
in the unit of time. 

In any other time t we obtain the equation 

If the force is not uniform, we have by the differential coeffi- 
cient, 

/ - 'i, (It) 

d V drS 

148. By differentiating equation (I.) we obtain "^. = t^ 

.-. / = £ (HI.) 

149. By eliminating dt between (I.) and (II.) we obtain 

vdv =1 fds, (IV.j 
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SECTION I. 
CHAP. L 

ON THE MOTION OF A PERFECTLY FREE POINT. 

150. If a single force^ or several forces in the same or exactly- 
opposite directions act upon a free pointy motion can only ensue 
in the line of the direction of the^forees. But if several forces 
in different directions continuatty act upon it^ the point will have 
a resulting motion^ whose direction and rate must be determined 
by the relation between the directions and intensities of the 
forces which act upon it. The motion may or may not be rec- 
tilinear^ and in order to investigate the several circumstances of 
the resulting motion generally^ we introduce the method of reso- 
lution to three rectangular axes, as in Statics. 

151. Prop. To determine the motion of a point acted on by 
forces in any directions. 

Resolve the forces or motions according to three rectangular 
axes^ and let X^ Y^ Z, represent the sums of the resolved forces 
in each axis^ the position of the point being determined by the 
three coordinates x,if,z. The three forces X^Y^Z^ being at 
right angles to each other^ are independent of one another^ and 
may therefore be considered as acting on the point separately : 
hence by equation (II.) CJU 
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Applying the same principles to tlie velocity of the point, we 
have, li ds represent any small element of the space or path of 

the body, the velocity in the path *= — by equation (I.) 

r^*^ *^ Hence resolving this^milarly, the velocities in each axis are 

^ ax ay dz 

dt dt dt 

Such are the general equations by which the motion of a point in 
jspace may be determined. 
^j^^'^ If the velocit3j^is given^ we must by resolution obtain the 
vii^ J velocity in each axis, and thence by differentiation the force in 
each axis, and by composition the resultant force may be de- 
termined^ 

If the forces are given, we must obtain the velocity in each 
axis^ and hence the velocity in space, ij^^ :^n\ \ rJ^-'^iu 

If the path is required, each of the equations (V.) must undergo 
'two integrations, at each of which operations a constant must be 
introduced. The constants introduced at the first integration 
I will depend on the velocity of the point ; those at the second on 

the position of the point. We thus obtain three equations, in- 
volving the coordinates ar, y, z, and t, and by the elimination of 
/, two equations between the coordinates will be obtained, which 
are the equations to the path of the point. This path is generally 
a curve of double curvature, but in particular cases the investi- 
gations lead to' a more simple result. 



152. Prop. To determine the velocity of the point in its path. 
We have stated in the last proposition how the velocity may 
be found, but there is another more elegant method. of determin- 
ing it, thus: 



^ 



V 



k- 
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Multiply the first of equations (V.) by 2dx, the second by 
2 d^, the third by 2 <i z, and adding the results together we have 

(1^ ... 2d^d»x + iidyd*y + 2dzd>z ^ 2(Xrfx + Ydy + Zdz) 
The first member of this equation is the exact differential of 
-k which = ^,-=t,«. by(I.) 

Therefore integrating we find 
s. v^ = 2/(Xrfar + Y dy H- Zdz) + C. (VI.) 

153. Cor. If the expression 'Kdx + Y dtf -{■ Zdz is in-' 
tegrable^ the velocity at any point may be founds if we are able 
to correct the integral^ or if we know the velocity at some given 
point. 

Thus^ if the expression is a differential of the coordinates^ 

1,2 = C -h 2/(x,y,z), 

and if v' be the velocity at any point whose coordinates are a, b, c, 

/. t;'2 = C H- 2/(a, 6, c), 
.-. «« — «'« = 2f(x,y,z) — 2/(a, 6, c). 

Hence it appears that the velocity acquired by the particle in 
passing from one point C^y ^> c>J to any other^ is the same what- 
ever be the curve described between those points. 

154. The deduction in the last article supposes that the ex- 
pression X (2a: + Y(2^ -f Z (2 'i. is an exact differential ; audit 
is remarkable that whenever the forces are directed to a fixed 
centre, and when the intensity of the force is a function of the 
distance from that centre, the expression is always integrable. 

For, let F represent the intensity of such a force directed to a 
fixed centre. 
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let a, b, c, be the coordinates of the centre, 

x^ y, z, the coordinates of any position of the particle, 

r the distance of the particle from the centre, 

»9 fi* y» the angles which r makes with the three axes. 

Then resolving F into directions parallel to each axis, we have 
for the three components 

F. COS. ft, F. COS. /3, F. cos. 7. 



But COS. « = , COS. Q = , COS. y = . 

r r r 



Hence the force F is equivalent to 

p. f=?. p. yz±, p. ^zif . 

r r r 

Similarly any other forces F', F^', &c. may be resolved. 
Therefore the (Expression Xcfx + Ydy + Zidz =: 

_ fx — a - y — b . Z'—<i , \ . 
F (-— , dx +^. dy + —^. dz^ + 

and since r« = (4? — a)« + (y — 6)« -f (« — c)« 

we have by differentiation 

ar — a «_fc « — c, 
rfr = ciiP -f ^ rfy H dz 



.\ Xdx + Ydy + Zdz = Fdr + F'dr -f F^'dr, &c. 
and since by hjrpothesis each force F is a function of the distance 4^- y^^/ .k^ ^ -^ 



»^^ 



t ^^ 
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r, each of the terms of the secoi^ member of the equatidn is an 
exact differential, and therefore ahe first :« also. . 

155. C&r, If any of the forces were directed to a moveable 
centre, the coordinates, a, b, c, wonld not be constant, the value 
of (ir would not be complete, and therefore the formula would 
not be an exact differential. 



156. Prop, To determine the motion of a point acted on by a 
force tending to a fixed centre. 

Here it will be most convenient to assume the fixed point as 
the origin. 

Let F denote the force, whether a single force or the resultant 
of several. 

Let r denote the distance of any position of the particle from 
the centre. *- r^A ] 'c ^V-, 

Then if we multiply the first of equations (V.) by ^, and the , .<i. 
^second by x, we obtain by subtraction 

xd^y — y d^x 

d? = xY -yX. 

Proceeding similarly for the other combinations we obtain 
zd^x ^^ xd^z 



dt^ 

yd^z — zd^ y 
J? 



= «X — xZ, 



^ yZ — zY. 



But by resolving P according to the three axes, the compo' 
nents are 

LV. (•■■ :*b. 

j: X = p. -, Y = P. 2, z = p. - 



r r r 



From which we easily find \\' • 



^'-'-^^^ ^"^ 5r * 






-t- f jxr- 



J 
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yX == xY, zX = xZ, yZ zsz zY, 

The second members' therefore of the first equations are each 
:= 0, and by integrating the first members which are exact dif- 
ferentials> we find 

xdy — ydx = cdf, 

zdx — xdz ^=. cfdty 

' ydz — zdy = cdL 

Again multiplying the first of these equations by z, the second 
by yy and the third by x, and adding 

cz -f cy -f ex == 

which is the equation to a plane. 

Hence the jmi^^ or trajectory is a plane curve passing through 
origin of coordinates or centre of force* 

157* Car, 1. With respect to. the results of the integration in 
the last article^ we may observe^ that if 

r = radius vector or distance of the projection of the point 
on the plane of x, y, from the centre or fixed pole> 

6i = the angle made by r with the axis of x 

/, xdy — ydx = r^do = cdt 
r^dti 



dt 



= c. 



r ix &) 

Now — Q— is the differential of the area of a plane curve con- 

sidered as a spiral ; and hence since the ratio of the element of 
the area to the element of the time is constant^ we have the area 
in any time proportional to that time and equal to -J^ ct. 
The two other equations lead to the same result with regard 
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to the areas described by the radius vector of the parojection of 
the point on each of the planes of Xy z, and y, z. 

Therefore the projections on the' three planes of the areas de- 
scribed by the radius vector of a revolving particle acted on by a 
force tending to a fixed centre are proportional to the times of 
their description, 

158. Cor. 2. Reciprocally^ if these areas are proportional to 
the times of their description^ the force tends to a fixed centre. 

We have here given the three equations 



xdy — ydx 
Tt 



= c, 



zdx — xdz , 

Tt •'' 



ydz — zdy 

Tt = *'• 



Therefore by retracing our steps and differentiating we have 

xd^y — yd^x _ 
df^ - "' 

zd^x — xd^z ^ yd*z — zd^y ^ 

— dt^ — = *' — di^ ^- 

Comparing these with the first equations of art. 156, we find 
a;Y — j^X = 0, 2X — arZ = 0, yZ ^ zY = 0, 

.\ X : Y : z :: X : 1^ : z. 

Hence the resultant of X^ Y^ and Z, must be in the direction 
of the straight line which joins the position of the particle and 
the origin of coordinates. 
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159. If we know that the motion is confined to one plane^ the 
investigation may be made more simple^ since the plane may be 
taken as one of the coordinate planes^ as for instance for the 
plane of x, y. In this case Z ssz 0, and the other two equations 
are sufficient. The full discussion of an important case of mo- 
tion in one plane is reserved for a separate chapter. See ch. 2. 

160. If the motion is confined to a line, diis may be assumed 
as the axis of x. In this case Z = 0, and also Y = 0> and the 
other equation will determine the motion. The discussion of 
this equation is reserved for chapter 3. 

161. If at the same time X = 0, Y = 0, and Z = 0, 
the three equations 

dt^ " ^' dt^ " ^' dt^ "' 

give by integration 

dx = adt, dy = hdt, dz = cdt, 

a, b, c, being constants. Then integrating again we find 

X = at + a, 
y =: bt -{- if, 
z = ct + c, 

a, b'y c, being new constants introduced by the integration. 
But if we assume the origin of coordinates to correspond with 
the origin of the time, we ought to have at once 

t =z 0, ar = 0, y = 0, 2 = 0, 

/> 
and in that case 

a' = 0, 6 ' = 0, c = 0, 
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therefore x =z at, y :^ bt, z ^ss ct, 

eliminating t between these three equations 

a h 

a; = -. z, ^ = -. z, 

c c 

which are the equations to a straight line in space. 

It also appears from art. 152^ that v^ = C^ or the velocity i^ 
is constant. 

Therefore a particle in motion, if acted on by no accelerating 
force, wUl persevere in uniform rectilinear motion : which ap- 
pears also from our hypothesis (147)* 



« * 



CHAPTER 11. 

ON THE MOTION OF A POINT ACTED ON BY A CENTRAL 

FORCE. 

162. As the case of a point revolving in an orbit by the action 
of a force tending to a fixed centre is of so mnch importance^ and 
as the formalse are capable of ctHisiderable simplification- when 
the force is given as a function of the distance from the centre^ it 
has been thought proper to discuss them separately. 

We have shewn (156) that the motion will take place in a 
plane passing throu^ this centre^ but this is perhaps apparent^ 
as there is no reason why the point should deviate from it on one 
side rather than on the other. 

Assuming therefore this plane as the plane of x, y, we have 
only two fundamental equations 

But as the force is generally given as a function of the dis- 
tance from the centre^ it is most natural and convenient to intro- 
duce polar instead of rectangular coordinates. 

163. Prop, To transform the expressions for the force from 
rectangular to polar coordinates. 

Suppose the origin to be at the pole or fixed centre. 

Let F denote the central force> 

r the radius vector or distance of the particle^ 

a the angle made by r with the axis of x. 

Then X = — F. cos. «, Y = — F. sin. » 
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the negative sign being introduced because the force tends to- 
wards the pole, in opposition to X and Y. 

Then multiplying the first of these two equations by sin. «, 
and the second by cos. », and subtracting, we have 

X sin. a — Y cos. « = 0. 

Similarly multiplying the first by cos. «, and the second by 
sin. 6), and adding, 

X COS. « -f Y sin. « = — F. 

But since x = r cos. «, and y =:i r sin. «, 
we obtain by differentiating each twice 

d*x = d^r COS. « — 2dr d» sin. » — rrf»*cos. « — rrf*«sin. ». 
d^y = d*r sin. v -f 2dr da cos. » — rrf«* sin. » + rrf*« cos. ». 

By dividing these expressions by dt^ the values of X and Y 
are obtained, and if we substitute these values in the two ex- 
pressions obtained above, we have 

_ dv dti d^ a ^ r A * 



^ ^ r^ + F ^0 (B.) 

dt^ dt^ ^ ^ ^ 



which are two polar equations to determine the motion. 
164. Cor, 1. If we multiply equation (A.) by rdt, 



2 rdr. -j- + r\ -r- = 
dt dt 



which is the differential of —rr* Therefore, int^rating, 

ai 
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dt 



= c. 



and since -^ fr^da = area described by the radius vector^ the 
areas described by the radius vector of a point revolving round a 
centre of force, are proportional to the times of their descrip^ 
tion, 

165. Cor, 2, From the last equation we obtain 

dv c 

Tt " V^ 

Hence since the angular velocity of the radius vector is mea- 
sured by the angle that would be uniformly described in a given 
time (146), we find that the angular velocity of the radius vector 
varies inversely as the square of the distance. 

166. Prop. To determine the velocity of the particle in its 
orbit. 

If we multiply equation (A.) hfrdu, and equation (B.) by d r, 
and add the results^ we find 

d^ r d a^ a d^ a 

Therefore^ integrating^ 



ds 
and since v = -r-, and ci*^ = dr^ -f r*rf«*. 

dt 
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v^ = C — 2fFdr. 

This expression is analogous to that deduced in art 152^ and 
as it was there shewn that the velocity acquired in passing from 
a given point to any other point did not depend on the curve 
described^ so the same may be deduced here. And hence also 
it may be shewn^ that if the velocities of two particles moving in 
any orbit by the action of a central force are equal at one dis- 
tance^ they are equal at all equal distances. 

167 . Prop. To find the time of describing any portion of the 
orbit. 

An expression for the time is easily found from 164^ whence 

, r^dw 

A t ss . — « 



Or by substituting for --j-— in the equation in the last article, 
£^ o r^ c^ 

which gives us the relation between r and t, independent of the 
orbit. 



168. Prop, To find the equation to the orbit. 

Substituting in the expression in the last, for dt its value 

r^du 



-, we have 



c« 



(;:$^+^) + 2/Fcfr = c. 



This may be put into a more convenient form by assuming 



^ /^5,^ 



1 

r 
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From this expression we can obtain tbe relation between u 
and a by integration^ if the law of the force is given ; and vice 
versa from the relation between u and v, or the equation to the 
orbit, the lawp^.the force may be found. 

169. Cor, 1. A very useful expression may be derived from 
the first form ol^the last article. 

Let p 3= perpendicular let fall from the centre or pole%n the 
tangent to the point of the orbit, then 

And also c =: 2. area in a given time = 2 dt 

.\ ^ + 2f¥dr = C. 

• • .... • . 

4 d@ d J} 

Whence by differentiation P = — 5-^-^ 

•^ p^dr. 

This expression is most useful in finding the law of force by 
which a given orbit can be described. 

17a Cor. 2. Since .« = ^^= ^ = -^^ 

= 2 F. ^ chord of currature thiougb the centre. 



CHAPTER III. 



ON THE RECTILINEAR MOTION OF A FREE POINT. 

171* If a point at rest is acted on by any single force or forces 
whose resultant is equivalent to a single force, the motion must 
be entirely in the direction of the force^ and may at once be de- 
termined from equations (I.) and (11.)^ viz. 

ds , ^ dv 

But in order that we may be able to int^rate these expressions^ 
the law of the variation of the force must be given as a function 
either of the space^ time^ or velocity : and as the intensity of a 
variable force would depend upon the position of the body^ the 
force is naturally and generally given as a function of the distance 
from some fixed point. 

In order that we may also obtain an exact expression for the 
value of the force at any variable distance^ its value at some 
given distance must be known. This given distance is most 
conveniently assumed = 1 ; and if ^ = the intensity of the 
force at this unit of distance, it is usually called the absolute 
force. 

If then the force be given to vary as the n^ power of the 
distance x from a fixed point, we have 

172. If the point were moving before the application of the 
force in the line in which the force acts, the motion would still 
continue rectilinear, whether the original motion were in the 
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same or opposite direction ; and the effect will be the sarne^ how- 
ever that motion may be supposed to have originated^ i. e. 
whether from any initial velocity communicated to it^ or from 
the action of the force during any previous time. ^ 

173. Prop, To determine the velociiy of a particle moving in 
a right line to or from abased point, by the action of a variable 
force. 

Eliminatiug d t from the equations (I.) and (II.) we have 

__ vdv 
-^ " ds 

or, measuring the line on the axis of j?, / = — ^ — . 

Hence, by integration. 

And if the force varies as some function of the distance x, the 
integration may in general be effected. 

If the motion is towards the fixed point, d x will be negative, 
if from it, positive. 

The expression here obtained must be compared with that in 
art. 166. 

174. Prop, To determine the time of the motion. 
Here we have at once from equation (I.) 

dx ^ 
< = /— + C. 

V 

And since v is determined in the last article in terms of x, the 
integration may in general be effected. 

17*^* In the application of these and similar formulae deduced 
in the preceding chapters^ some other circumstances with regard 
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to the force* or the motion must be given^ in order that we may 
be able to determine the constants introduced in the integration. 
Thus in finding the velocity at any point> the velocity at some 
other known point must be given as in art. 153. Or if the point 
move from rest^ the point at which the motion commences^ or 
when V ss may be conveniently given. 

1 76. If the force is uniform, the formulae may at once be inte- 
grated and present some remarkable results^ to exhibit whidb^we 
will consider the following 

Prop, To determine the velocity of a point acted on by an 
uniform force, in terms of the time of the motion; the velocity of 
the point in the line of the force being given at the commencement 
of the time. 

Let v" = the given velocity. 

Then the velocity due to the action of the force in the time t 
may be determined from the equation (147) 

V ^ft 

where f represents the velocity generated by the action of the 
force in the conventional unit of time, one second. 

Hence the whole velocity of the point at the end of the time 
t is 

V ^ V -\^ft (a) 

in which the positive sign must be used if the force is accelerat- 
ing, or in the same direction as v' the initial velocity, and the 
negative sign if the force is retarding, or in the contrary di- 
rection. 

We may here observe that the same force may be an accelerat- 
ing or a retarding force, according as it acts in the same or con- 
trary direction to the motion of the particle. 
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177* Prop. The same things being given, to determine the 
space in terms of the time. 
By equation (I.) 

ds =^ vdty 

Therefore substituting the value of v found in the last article^ 

ds = t^dt -tftdt. 

By integration we obtain 

s ^ c -t v't ± ift^, (6) 

in which c is an arbitrary constant depending on the position of 
the point when ^ = 0. 

178. Cor, 1. If the motion of only one point is under consi- 
deration> it is most convenient to reckon the space from the 
position of the point when t =: 0, or at the origin of the time. 

In this case 0=0, whence we obtain 

s = v't ± iftK (c) 

^^9. Cor. 2. If the point move from rest, v' = 0, and we 
have 

s = ift^. (d) 

180. Prop. The same things being given, to determine the 
velocity generated in terms of the space described. 

By eliminating t between equations C^J ^^^ CcJ we find 

2fs = t;2 ^ t;«. rej 

181. Cor. 1. If the point move from rest, then 

v^ = 2fs. (J) 

182. Cw. 2. If we eliminate /between the equations (d) and 
{f) we have 

M 
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Therefore the space described from rest by a point acted upon b j 
an uniform force to acquire a certain velocity^ is half the space 
due to the same velocity continued uniformly (146). 

183. The formulse here deduced to acquire velocity througH 
any space^ or during any time^ are applicable as well to cases 
where the motion is opposite to the force ; sa, for instance^ to the 
case where the point moves until the whole velocity is destroyed^ 
&c. 



CHAPTER IV. 



ON THE CONSTRAINED MOTION OF A POINT. 

184. If a point is constrained to move on a curYe> a new force 
of reaction is introduced^ and we may proceed to investigate its 
effects as a force independent of the curves as in Statics (19). 

Prop. To determine the velocity of a point moving on a given 
curve. 
Let N be the normal force of reaction^ 

»> P^ 7> the angles which the normal makes with the axes 
of coordinates : 

and let X^ Y^ Z be the sums of the other forces resolved accord- 
ing to the three axes as before ; and if N be similarly resolved, 
we have by the equations (V.) 

^*^ XT . Y 

-j-^ = N COS. a -I- X, 

5| = Ncos.8 + Y, 

d^z „ 

■^ = N COS. 7 + Z. 

Also since we have, as in art. 19, 

dx ^y ^ ^^ i\ 

-T" COS. a -h -^ COS. j3 + jT- COS. 7 = U. 
ds ds as 

by multiplying the first of the three equations by 2dxy the 
second by ScTy, and the third by ^d%, and adding, we obtain 
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^^u__u lLjg.^ y» y -r ^»^» — _ 2(Xda: + Ydy -f Zdz). 

The first member of this equation is the exact differential 

^ dx^ + dy^ -h d2« rf** 

"^ rfi^^ = rfT^ = ^ • 

Whence by integration 

«2 = 2/(Xdar + Ydy -f Zdz) -f C. 

185. This result is exactly the same as that obtained for the 
unconstrained inotiou of a point deduced in art. 152^ whence we 
may conclude^ 

Firsts That if no accelerating force acted on the point, its 
velocity would remain constant, and not at all retarded by ike 
action of the curve. Compare art. 152. 

Secondly J That if any accelerating forces do act on the point, 
the velocity is independent of the curve on which it is compelled 
to move. Compare art. 153. 

186. Cor. 1. If the forces are all in one plane^ this may be 
taken as the plane of x, y, and two of the original equations are 
sufficient. Here 

«« = 2f(Xdx H-Ydy) + C. 

187. Cor. 2. If the forces are all parallel to one another^ they 
may be assumed parallel to the axis of x, and in this case 

t;« = 2fXdx -h C. 

188. Cor. 3. If in this last case the fbrce^ or resultant of the 
forces is uniform, let it :=y^ 

/. »« = C + 2fx, 

where the upper or lower sign is to be used according as the 
force tends to increase or decrease x. 
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If ^z be assumed to the distance of the point on axis of x where 
the motion commences^ or v as 0^ 

And since only the ordinates on the axis of x are involved^ the 
velocity of the point on the curve does not at all depend on the 
curve described^ but on the difference of the ordinates on axis 

of X. 

189. Tojind the time of a point moving on a given curve. 

In all cases rf < == — . 

v 

Hence if the nature of the curve and tlie velocity at any point 
be known^ the time may be found by the proper substitutions 
and int^ration. 

190. Cor, If the forces act in parallel lines^ and their resultant 
is uniform, as in art. 188, we have 



191. If the force tends to a fixed centre it will be most conve- 
nient to introduce polar coordinates as in chapter 11^. and by 
similar substitutions we obtain 



di s: 



«« = C — 2/Prfr. 

ds 

^/(C-2XF77): 



192. Prop, To Jind the magnitude of the reaction of the 
curve. 
The most obvious way of determining the whole pressiue on 



/) 
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the curve^ is to find the value of N from the three equations in 
art. 184; but the number of terms obtained by this process 
renders it very laborious. We may however first suppose that 
no accelerating force acts on the point and we then have 

•= N cos. «, -~ as N cos. i3, -jTj = N 008. 7, 



dt^ ^' ' dt^ ' '^^ dt 



• N = - 



dt^ 



ds 

And eliminating c^ ^ by means of the equation t; = -j- 

dt 



N = «». 



s/ (id'a^y + (d'yy + (d'^y). 



ds* 

but if p be the radius of the osculating circle * 

ds* 



i = 



V ^{d'xy H- {d'yy + {d'Myy 



V* 



Therefore N = 

We thus obtain the pressure which the point exerts Ugainst 
the curve from its own inertia. 

But if it is acted on by any accelerating forces^ we must 
resolve them into two directions^ one perpendicular to the curve, 
and the other in the direction of a tangent ; then the sum of the 
perpendicular forces will give the pressure due to the action of 
the forces. If we then add this pressure to that which we have 



* See Lardner's Differential Calculus, 186. 
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investigated as due to the inertia of the particle^ we shall obtain 
the whole pressure. 

193. If the motion is in one plane^ the investigation is much 
more simple. 

For if we assume this plane as the plane of Xy y, 

.\ 2; = 0, Z = 0, and cos. 7 = 0, 

and the two first equations (184) are sufficient. 

» 

Also we have cos.^ a -h cos.* j3 = 1 

. dx dy ^ r^ 

and -r cos. a '\ — 7^ cos. j3 = 0. 
ds ds 

Whence we find 

, dy - ^ dx 

COS. « = i- -rr, cos. /3 = -I- ^-, 
— ds ds 

in which thei uj^er signs must be taken together^ and so also the 
lower signs give correspcmding values. The value of N itself 
must always be positive^ and we can therefore ascertain which 
signs must be used. 

If we substitute these values in the two equations (184) we 
have 

rfP ds 



^^y xr — TWT ^^ 

5i? *= Y + N. ^. 

Then multiplying the first by ^ and the second by ^, we ob- 
tain^ by subtraction. 
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^^^di~ds^ ITdT^ ' 

ds 
Eliminating dthy means of the equation v == j-, 

ds ds ds^ 

but if p be the radius of the osculating circle, 

ds^ 



P = 



dyd^x — • dxd^* 



dx dv V * 

Therefore N ^ Y -= X^^^— . 

as as p 

Of the two parts of this expression the first is exactly equal and 
opposite to that which would be obtained by resolving X and Y 
according to the normal to the curve. We therefore have in this 
expression that part of the pressure on the curve which arises 
from the forces which act on the particle. 

The latter part, which is the same as that deduced in the last 
article, is that part of the pressure which arises from the motion 
or inertia of the particle. 

193. CoT^ 1. If the accelerating forces act in parallel lines, as 
in art. 187> 

... N = _ X ^ + ^. 

ds p 

194. Cor, 3. If the force is uniform, let it scy* 

'^ ds p 

195. Cor, 4. If the particle move in a straight line, 

and the latter part of the expression disappears. 
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196. If we introduce polar coordinates we have 



-- _ rda v^ 
N = F. — - + — . 
as ^ 



• 9 

]97> The expression is the measure of the pressure on the 

curve arising from the tendency of the particle to move in a right 
line^ a tendency which is counteracted^ though not destroyed^ by 
the normal forces. This force or pressure being always directed 
3Erom the centre of the circle of curvature^ is called the centrifugal 
force. 

198. If the particle be constrained to move on a circle^ the 
radius of curvature is the radius of the circle^ and therefore if 
j^ represent the centrifugal force^ and r = radius of circle^ 

J, = — . x-i- 

T 

Or ifj instead of supposing it inclosed within a circle^ we con- 
ceive it attached to the extremity of an inextensible thready and 
to revolve round a fixed point so as to describe a circle^ the 
tension which the thread wiU undergo from the tendency to 
persevere in a right line will replace the pressure of the point 
against the curve arising from the same tendency^ and conse- 

quently will be measured by the same expression — . ^-^ * (".^J ^ 



r 



Or if^ instead of the thready we suppose it retained in the ' 
circular orbits or indeed any other orbit whatsoever, by any at- 
tractive force tending to that centre, the resistance opposed to 
the attractive force, or the force which prevents it from falling 



t;2 



into the centre, is measured by 

199. If the motion be circular and uniform, we have 

N 
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if T s= time of one jeTolati<m« 

2irr =a the whole circumference, tv-- -^ * » ./ ^ 

« 

2«r 
since (146) « 5= <«, /. v = — mr-« 

Hence, by substituting for v in the expression for the centri- 
fugal force, £^1 / ^^N 

which is the most convenient expression for finding the absolute' 
value of the centrifugal force, li^. -> /-.Vv^ . 1^* '^ 

^ ^ 3 • ^v ' ^ 'J. 1,// ..■^-'- > 



//^ ;: ,;"., -^^ , -// 



CHAPTER V» 

ON THE MOTION OF A SYSTEM IN GENERAL. 

300. Tlie conctashas hitherto deduced are applicable generally 
only to the xnotion of a point or ^particle, though in certain cases 
to the motion of a system or assemblage of particles. For in- 
stance^ if the several particles are equally accelerated^ and move 
in parallel dilutions, the deductions respecting the path, velocity, 
or time of one point, will evidenliy apply to the system. 

"Bfit yet with regard to the forces which produce the motion in 
such a case, and in the case of a single paortiele, very different 
considerations are involved. In the motion of a single particle, 
the accelerating force was measured by the velocity generated in 
the unit of time. Here we have a system in which every particle 
is impressed mth the same velocity, and consequently the whole 
system must be acted on by a force equal to the sum of the forces 
which act on each particle. If we call, therefore, the number of 
particles the mass of the system, the ybrce would be measured by 
the product of the mass and the velocity. 

If the system move in any variable manner, as the accelerating 

force would be measured by j- (147), so the force on the whole 
system would be measured by 

di) 

*"' Tt' 

if m =s mass or number of particles of the system. 

This product of the mass and the velocity of each particle is 
called the momentum, or more properly the quantity of moiiont 
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The force generating this quantity of motion is called the 
moving force, in opposition to the term accelerating force^ which 
is only applied to that which acts on the unit of mass. 

201 . Since then every system or mass is considered as com- 
posed of perfectly inert particles (147)^ if the system is in mo- 
tion^ we have at any instant an uniform rectilinear motion im- 
pressed upon each particle which it endeavours to maintain. 
These motions are parallel to each other ; and since their number 
and the ratio of their intensities remain the same> whether the 
rate of the motion be greater or less^ we have in every system a 
point analogous to the centre of parallel forces, which we here 
call the centre of inertia *. Even if the system be not in motion 
we may consider this point as existing, inasmuch as the property 
of inertia attaches to rest or to motion, and as it would occupy a 
certain fixed position were any motion communicated. Its posi- 
tion may be determined by the formulee for the determination of 
the centre of parallel forces (24), and since the force of inertia is 
proportional to the mass or number of particles oi each part, 
we have 

"^, mx 2. my X, mz 

2. 97Z ^» m 2. m 



202. If we consider the motion of a system whose parts are 
connected, we perceive that it is not only influenced by the force 
which has acted or still acts on it, but that it is affected by the 
mutual action of its several parts : and that the system will 
seldom move in the same manner, as if it were free to obey the 
action of the force. In order, therefore, to determine the motion 
in these ^ses, we have need of some other principles of investi- 



» This point is usually called the centre of gravity of the system, but the 
term gravity is manifestly misapplied. 
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gation^ and we will introduce a principle which is due to d' A« 
lembert^ which may be thus enunciated. 

If several forces are applied to the different parts of a system, 
and if these forces ought to impress certain motions on the parts, 
rve may consider each of these impressed motions as compounded 
of two, one actual^ and the other destroyed. 

203. Cor^ It is evident that a system influenced only by these 
latter^ ought to remain in equilibrio. 

204. This principle may be put into a more convenient form 
thus: 

Prop, If a motion is impressed on the several parts of the 
system, equal hut contrary to those which it ought to receive, the 
system will he at rest, ox, in other words^ there will be an equi- 
librium between the impressed and actual motions^ if they be 
supposed to act in directions contrary to each other. 

For if ri{, rri', rri", &c. represent the masses of the parts^ 

v', f/', xf'' , &c. the impressed velocities^ 

m 

Let V be supposed to be resolved into u' and u^, the first of which 
represents the actual velocity of the part^ and the other the 
velocity destroyed ; and let v", v", &c. be supposed to be simi- 
larly resolved. 

Then the motions which the parts would have received if free^ 
or the impressed motions^ 

m v , m V , m v , &c. 

are equivalent to 

the ac/«a/ motions^ m'u, m"u', m'"u",&c, 
and the destroyed, m u^, m u^^, vii" u^^^, &c. 

which last are (203) in equilibrio with each other. 
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Hence since m' v' is the resultant of m' u and m u^ 

.'. m u^ is the resultant of m u and — m v 
So mu^^ is the resultant o£m"u" and — m"v" 
&c. &c. 

and since the resultants are in equilibrio^ the components must 
he so also. 

205. The method here introduced consists in substituting for 
the forces acting on a system^ two sets of equivalent forces. 
Those of the first set impart such motions as each particle may 
freely follow^ without causing any impediment to the rest^ or 
being at all impeded by th^m : those of the second set^ on the 
contrary^ are counteracted by the mutual impediments and are 
in equilibrio with each other. The first are fully effective^ and 
determine the actual motion of the system; the second are 
wholly destroyed^ and determine the pressure which each point 
suffers from the mutual action of the parts* 



CHAPTER VI. 

ON THE MOTION OF ANY SYSTEM. 

206. Prop, To determine the motion of a system whose parts 
act on eflch other in any arbitrary manner, and are acted on by 
any accelerating forces. 

Let m% vdi* rri", &c. be the masses of the parts 
^> y'» ^9 the cordinates of ni 

^\ r^ ^' ^' 

Then if X^ Y\ Z', are the accelerating forces which act on m', 
resolved parallel to the three rectangular axes> 

Tw'X', m'Y'y m'2i are the moving forces. 

The velocity due to the force X' in any time dt, will be (147) 

1^'dt, and that due to the inertia of the part at the end of any 

daf 
instant will be in the same axis -tt '» &iid similarly in the other 

axes. 

Hence the impressed motions are 

daf 
But if the velocity in the axis of x at any time t is -j--, at the 

d:gf daf 

end of the time t + dtit will be -tt- + d, -r—-, and similarly 

for the other axes ; 
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Hence the effective motions are 

"^{-dt^-dry "^Kw^-dT)' "^{-df^dT) 



Considering, therefore^ the impressed motions as acting in the 
contrary directions, and therefore as negative, we obtain for the 
force acting on the mass < 



If we mark the accented letters first with two and then with 
three accents, and so on, we shall obtain similar expressions for 
the forces acting on the masses mf', ml", &c. 

But by the principle (204), the system is in equilibrio by the 
action of these forces, we have therefore to substitute these 
values of the forces in the six general equations of equilibrium 
deduced in art. 33, in order to express this condition. For this 
we must observe thatp' cos. a', p' cos. jS', p cos. 7% are equivalent 
to the three expressions obtained above for the force acting on 
m' ,* and we therefore obtain from the first. 



d^x 

or 2 Wl. -r-r = 2. 972 X,' 

and similarly from the two next 

d^y ^ d^z _ 

2.971. - J a ^^ 2.971 Y, 2.971. -, - = 2. 97t ^. 

dt at 



The other three equations, L, M, N, give us by the same sub- 
stitutions. 
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j^^ ) = S. m(zX — xZ\ 

Such are the equations which will determine the motion of any 
free system. But even if any part of the system is constrained 
to move on a given curve^ we have only to introduce the resist- 
ance of the curve as a new force (183) and then we may consider 
the system as entirely free. 

These six equations involve some important principles which 
we will proceed to develop : and we will first discuss the first 
three^ which enable us to discover the motion of the centre of 
inertia of the system. 



207. Tb.op, To determine the motion of the centre of inertia 
of any system. 
If x^y y^ z„ are the coordinates of the centre of inertia^ we 



have (201) 






1^. m X 
2. m 


2, my 


J,.mz 

g = 

2.W 



Differentiating these expressions twice with respect to t, we 
find 

d^x^ _ ^'^' dt^ ' d4^^^j^ 

dt^ ■" 2. m ^ dt^ 2. m ' 

1 ^ d^z 

\ d^ ^ ^' "^^ dt^ 

\ rf/* 2. m ' 
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Hence by the first three of the geperal equations (205) 

d^x^^^.mX d^y, _ S. m Y d^z^ _ J,.mZ 
dt^ " J,.m ' dt^ ~ 2.1W ' rf/2 ~ X.m ' 

But if X,j Y^^ Z^ be taken to represent the three components of 
the resultant of all the accelerating forces whidi act on the 
system^ and M the whole mass of the system^ or M = 2. m, 

.-. MX, = 2.»iX, MY, = 2.mY, MZ, = J..mZ. 
Whence we obtain 

dt^ " '' dt^ ^ " dt^ -' 

which are the three equations for the motion of a pcdnt (151), 
acted on by the accelerating forces X^ Y,^ Z, In each axis. 

Hence we conclude that the centre of inertia qfa system will 
move as if the whole mcLss were there united, and a moving force 
equal to the resultant of all the forces were immediately ajj^&ed 
to it. 

208. If no accelerating force acts upon the system^ but the 
parts are merely influenced by their mutual action, let F repre- 
sent the action of one part of the mass m' upon anotha* m'\ 

Then m' F is the force with which m" is influenced by m', and 
similarly m" F is that with whidb m' is influenced by m'\ 

If then Xf y, z' are the coordinates of m\ 

X , y , z • of m , 

and r = the distance of the two, 

.faf) resolving the forces, and calling X', Y', Z' the components of 
the force by which m" is acted on, we have 



I 



ON THE MOTION OF ANY SYSTEM. 99 



? 



i 



X' =. m"p. fii^"^, Y' = m"p. y" •" y 



> 



Z' = m"Y. 1; 



so also if X"^ Y''^ 2i' represent the components of the force which 
acts on Tiiy v 



-' _" - ' " 



X" ra wP. 



* — * Y" - m'F y 


— y 


r 


r ' 


Z" = fn'P. i 1.. 





Hence 

and also 

m'Y' -^ m'Y" « 0, and m'Z' ■+• »t"Z; « 0. 

The same may be proved for the mutual action of any other 
parts of the mass^ and therefore 

X.mX a 0, 2.mY s=s 0, 2.mZ =r 0. 
Hence we have from the last article 

i- 

di* ~ ' dt» ' df "' 

Therefore^ integrating twice we obtain, 

x^ s= at -^ a, y^ r=i bt -^ I/, jsr^ = c/ ■+• c', 

- fl, by c, and a', b', c', being constants introduced in the inte* 
gration. 

By eliminating t we find 

Iff X — a' =s - (z — c'), 

c ^ / 
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y, — 6' = - (z, — &). 

And since these are the equations of a straight line in space^ we 
conclude that the motion of the centre of inertia of a system only 
exposed to the mutual action of its parts will he rectilinear, 
A\so, since 

ds^ dx^ dtt^ dz,^ 
dt^ dt^ ^ dt^ ^ dt^' . 

we find 

^ • r rz C( 't 



t?2 = fl2 ^ 52 ^ Ci, . 






Hence the velocity is constant, and the motion is not only recti" 
linear, but uniform. 

As, therefore, by the assumed property of the separate par- 
ticles (147), a material point cannot of itself alter any impression 
which has been communicated to it, so also a system of particles 
cannot alter the motion of its centre of inertia, by the mutual 
action of its own parts. 

This remarkable result constitutes a general law, which is 
denominated the principle of the Conservation of the centre of 
Inertia. 

209. Prop. To determine the motion of the other parts of the 



The first three equations in the general proposition (206) 
have enabled us to determine the motion of the centre of inertia 
of the system ; we next proceed to discuss the three other equa- 
tions, viz. 

^- "• C^'^rfT/ — ) = S. m (X Y - y X), 



' - I- ^ 
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_ fzd^x — xd^z\ , -- ^. 

S. m ^ -T-^ ) :2^ -^.mij:^ — xZ), 

^. ^ {yJli.-L^y) = s. „ (yz - .Y). 

Here we may observe that the second members of these 
equations will each become = 0^ 

First, If there is no accelerating force acting on the system. 

Secondly^ If the accelerating force tends towards the origin of 
coordinates; 

For let F represent the force acting on any part> and tending 

towards the origin^ 

and r = the distance of that point from the origin ; 

Then^ by resolving F, as in art. 157> we have 

X = F. -, Y = F. ??, Z = F. -. 
r r r 

If we substitute these values in the expressions 

xY — yX, zX — xZ, yZ — zYy 

they each become = ; and the same may be shewn for any 
other force P^ F"^ &c. acting on any other parts of the system 
rnfy 7n", &c. 

Thirdly, If the particles are only exposed to their own mutual 
action. 

For if F represent, the' action of one part of the mass m' upon 
another wf*y 

and r = the distance of the parts from each other^ 
. Then by resolving^ as in art. 208> the whole accelerating forces 
in the axis of x will be 

F. h P. = 0, 
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and those in the axis of Y 

r r 

and since in this case 

2. m. (xY — yX) =£: mtm''{xY — ifX), 

we bave here also the Beeofid m^tnbi^ (^ the iiist of the three 

equations = 0. 

And so also for any other particles acting on each other. 

The same may be proved in an exactly similar manner for the 
second members of the other two equations ; therefore by inte- 
gration we obtaiii 



, / xdy — ydx \ 

• ^- { Jl ) = '> 



(zdx — xdz \ 
—^-di — ) = '^' 

/ ydz — zdy \ 

Now the differential expi^sicm xdy -^ ydx represents the 
double of the area described round the origin during the instant 
<^^ by the projection of the radius Vector of the particle^ on the 
plane of x,y; and similarly the expressions zdx — xdz, ydz 
*-^ zdy^ af^ the doubles of the areas described in the same time 
by the projections of the same radius on the planes a£ z,jf and 

Therefore the numerators of the first equations represent the 
sum of the areas traced by the projection of the radii vectores of 
the different parts of the system on each of the coordinate planes^ 
multiplied respectively by the masses of the parts ; this sum is 
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consequently proportional to the element of the tiinQj c^d in a 
finite time is proportional to the time. 

This remarkable result constitutes another general law which 
is denominated the principle of the Conservation of areas, 

210. Prop, To determine the plane on which the sum of the 
projected areas is a maximum. 

The property relating to the areas described by the projections 
of the radii vectores of the several parts of the system holds good 
for any plane through the origin. The sum of the ^eas will 
evidently vary with the position of the plane, and there will bc^ 
one plane on whidi the sum of these projections^ multiplied by 
their masses, will be a maximum. 

To determine this plane^ 

let a% ok'y a'*', he the angles which it makes with the three 

coordinate planes ; 

A =s sum of all the areas traced on it by the projections 
of the ra^ii and multiplied by the masses. 

We have then, by the property of projections *, 

(xdy — ydx \ , 
^--^ — ^ -J sc A. COS. a, 

(zdx — xdz \ „ 
-J- J = A. COS. a , 

(ydz — zdy \ 
— ^- ^ ) = A. COS. a , 

but the first members of these equations are (209) constant. 



* See Hymer's Analytic Geometry, section ii. Or Hamilton's, part. ii. 
section i. chapter vii. 
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/. A. COS. CL = cfy A. COS. a :^ c", A. COS. a"' ^ c"\ 

Hence A* = c'^ + c"^ + c"'2, 

and COS. a s= 



>/ c'* + c"* + c"« 



// . C ni C 

COS. a = ■ , COS. a = 



///g 



V 0^2 + c"» -f C'"» >/ C'2 + C"« + C 



The angles a^ a", a", are therefore constant^ and the principal 
plane of projection remains always parallel to itself during the 
whole motion^ whatever changes may take place in the position 
of the various parts of the system. 

This plane is from this property called the invariable plane ^. 

211. Prop, To determine the position of this invariable plane 
at any instant. 

For this purpose we must know the coordinates of the several 
parts of the system and their velocities at that instant. For the 
position depends on the three constants c, c\ c" y which were 
found to he (209) 



, f dy dx\ 



dx dk \ 



„ /ax az\ 



f/f 

c 



(dz dy \ 



■> This plane, the discovery of which we owe to Laplace, may be of the 
greatest importance in investigations connected with the system 6f the world ; 
it presents us with a plane to which the position of the various bodies of the 
system may be referred at any period. 
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And if the velocities^ viz. -=-, -r^, -=-, and the coordinates 

at at at 

^9 Vi z, at any instant^ for all the parts of the mass are given> the 

values of the three constants are given also. 

212. The consideration of the invariable plane is of great ad- 
vantage in the investigation of dynamical problems. For if it be 
assumed as one of the coordinate planes^ two of the three con- 

stants will == 0, since cos. a = cos. a " "^ cos. ^ = 0. Hence 

we also conclude that the sum of the projections on every plane 
perpendicular to the invariable plane = 0. 

213. Prop. To determine the motion of any system^ if the 
origin of coordinates have an uniform rectilinear motion. 

We have hitherto considered the origin of coordinates as a 
fixed pointy to which the position of the different parts of the 
system might be referred ; but the six general equations will still 
hold if we give the origin an uniform rectilinear motion. 

For let x^ t, z, be the coordinates of this moving origin 
referred to some fixed point which may be considered as the 
origin of the coordinates a?, y, z, .of any part of the system 971'. 

Let Xf y\ z', be the coordinates of the same part referred to 
the moving origin^ 



.% a? = X -h a?J y = Y -f y', a: = z + « • / 



If we differentiate these equations twice^ and substitute the 
values thus obtained in the first three of the general expressions 
(206), we find 

(f^x + d^x' 



fd^n + d^x\ ^ 

•'"•( — dp — ) = ^-*«x. 
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2. m. f 77?~~) = S.mY, Sm.( j-^ \ = 2.mZ. 

But since the motion of the new origin is uniform and recti- 
linear, we have (161) 

^ = 0, -^-^ = 0, ^ = 0. 

Hence the equations become 



2. OT — T-Q- = 33. otX, r. m. -rnr = 2. wY, 

or* at* 






which are of exactly the same form as the original ones in 
art. 206. 

By making similar substitutions in the first of the three next 
equations we have 

-ii^ + ^- "• ( \t' — ) 

s= X. w(ar'Y — yX) -f x. 2. wiY — y. S. mX. 



If we compare this with the three equations just deduced, we 
find that the first part of the first member is equal to the latter 
part of the second, hence there results 

I. «. (l^V^i/^) = s. « (x' Y - y X). 
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Similarly for the remaining two we have 

. S. m ( j-2 J = 2. m (25 X — xZ), 

fy'd^z' — zd^y\ 
s.»» \^- j-f^ -) = s.*" Cy Z — ^ Y). 

The six general equations therefore preserve exactly the same 
form^ whether we suppose the origin fixed or endued with an 
uniform rectilinear motion; and hence the general principles 
before deduced apply to this case also. 

214. With respect to the position of the invariable plane on 
this supposition^ we may at once observe^ that since the motion 
of the origin is in a right line> we have 

X(?Y — Ydn = 0, 
zcfx — adz = 0, ydfz — zdY = 0, 

or the projection of the areas of this moving point on the three 
planes are' each = 0. 

If we therefore substitute for x, y, s, in the equations in art. 
209 we find^ 



Ti ) = "' 

^•'"- V — Tt — ; - '' ' 



in which c, c", c"\ are constants^ as before. 
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But these three constants determine the position of • the 
plane> whence we conclude that this plane will always continue 
parallel to itself during the rectilinear motion of the origin of 
coordinates. 

215. Hence also^ if the origin of coordinates be assumed to 
coincide with the centre of inertia^ the principle of the conserva- 
tion of areas will exist with reference to this origin^ and 
the invariable plane always passing through this point will be 
carried along always parallel to itself during the motion of the 
system. 



CHAPTER VIL 



ON THE MOTION OF A RIGID SYSTEM, PERFECTLY FREE. 

216, Prop. To determine the motion of a si/stem whose parts 
are connected in an invariable manner, and acted on by any 
accelerating forces. 

The six general equations deduced in the last chapter (206) 
for the motion of any system^ whose parts are connected in any 
arbitrary maimer, are eaaly extended to a rigid system, or one 
whose parts are connected in an invariable manner. We have in 
this case merely to substitute for the masses ^^ m '^ m\ &c. the < 

elements of the mass. Let cf m be an element of the mass^ 

» 
X> Y> Z^ its coordinates^ 

^i Vi z, the forces acting on it in the three axes. 

Then introducing the sign of integration instead of the sign 
2^ the equations become 



d^x 



/u" X /^ a," y 

-j^'<^fn = fXdm, J -^,dm == /Ydm, 
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/( ""'"-/^' 'ym = / (.X - xZ) rfm, 
J^^Jl^jr^y^ = / (^Z _ ,Y) rf.. 



By these six equations we can detennine the motion of any 
rigid system. The last three present us with the principle of 
areas> and were there any fixed point in the system^ would 
enable us completely to ascertain its movemeitt of rotation round 
that point. 

217* Prop. To investigate the expressions, when the centre of 
inertia is assumed to be the origin. 

Let x„ y^, z„ be the coordinates of the centre of inertia referred 

to the first origin^ 

x'y y\ ^i the new coordinates of the element dm, 

we then have 

X = ar, ■+• a?', y = y^ -f y, a = 2^ -f. z'. 

If we then substitute these values and their differentials in 
the first three of the general equations, we obtain 

P/d^x d^x'\ 
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But since x^ y^^ z„ remain the same whichever element dm he 
taken^ if we call M the whole mass of the system, we find 



f^' ^^ = M- 



dt*' 



y __ rf^ ^ M. -^,-. y -^— rf« = M. -^ 



2^ 



Again^ by the nature of the centre of inertia (201) since it is 
now the origin^ 

fst'dm '= 0, fy'dm = 0, fst'dm = 0; 

where we find by difierentiation^ 

The three equations obtained by the transformation become 
therefore 

M. -^ = /Xc^m, 

M. -^ = /YcTiii, M. -^ = /Zrfw. 

By means of these equations the motion of the centre of inertia 
is determined and the result is the same as that obtained in 
art. 207 ; viz. that the centre of inertia moves as if the whole 
mass were there united^ and a force equal to the resultant of all 
the forces were immediately applied to it. 

If we make the same substitutions in the other three equations, 
the first of them becomes 

J dp '^ 
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= /((^. + x')Y — (y, + y) X) dm. 

But since x^, y^, z,, are the same whichever element of the 
mass he taken> 

/{x^d^y^ —'yd^x)dm = m{xd^y^ — yd*x), 
and/(a:,Y — y,X) dm = xJYdm — yJlLdm, 

and also 

/{x'd^y^ — yd^x, + xd^y — y,d?x) dm 

^d'^yjxdm — d'^xjydm -f xjd'ydm — yjd^xdm. 
But hy the property of the centre of inertia as ahove^ 

f x dm = 0, f y dm = 0, 
and therefore also 

fd^xdm = 0, and fd^ydm = 0. 

Hence every term of the second memher of the last equation 
becomes = 0/and there remains in the equation obtained by the 
transformation^ 



f C^^'Tv y ^^ = /(.'Y - y X) dm. 

Similarly the other two equations present 

f^ --^'y-y'^'^ ) d« = /f/x - yz) dm, 

These six equations contain the whole theory of the motion of 
a rigid system. The first three determine the motion of the 
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centre of inertia^ the last three the motion of the system with 
reference to that point as origin. We have therefore a double 
motion presented to us ; a motion of translation with reference 
to the centre of inertia; and a motion of rotation round that 
pointy as if it were fixed. If we then can ascertain at any- 
instant the position of this centre^ which may be done by investi-i 
gating its motion as a separate particle^ and then can ascertain 
the position of the system with regard to this centre^ the position 
of the whole system is completely determined. 

218. It is our object therefore to discuss the last three equations^ 
which alone affect the position of the system^ and to put them 
into such a form as may enable us to determine it more readily. 
But since this rotatory motion takes place round the centre of 
inertia as if it were a fixed pointy we will include the investiga- 
tion in the more general case of the motion of a rigid system 
round any fixed point; and we can easily deduce the motion 
when that fixed point is the centre of inertia. 



CHAPTER VIII. 

ON THE MOTION OF A RIGID SYSTEM WITH A FIXED 

POINT IN IT. 

219. Prop. To determine the motion of any rigid system round 
ajixed point. 
Let A be this fixed point (fig. 45.), 

Ax, hy, Az, three Jixed rectangular axes taken ar^- 

trarily. 
Ax, Ay, As', three other rectangular axes^^ed wiik 

regard to the system, but moying with it 
round A ; 
X, y, z, coordinates of the element dm referred to 

the first set of axes, 
x'f y > ^i coordinates of the same dm for the moving 

axes. 
By the principles of the transformation of coordinates*, we 
have 

* For the full development of the principles of the ti-ansfonnation of coordi- 
nates in space, the reader is referred to the woiics on the subject, as Hymer's 
Analytical Geometry, sect. 4, or Hamilton's, part ii. sect. 1. chap. 11 ; but it 
may be convenient to exhibit briefly the formuls which are necessary for the 
present chapter. 

Since x = ox' -f- 6y' -|- c*', 

y = OX -f 6y -f- C2, 

r=ax H-oy -f-cx, 

where a, 6, e are the cosines of the angles which the axis of x makes with the 
axes of X , /, z' respectively, &c. 
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X sz ax' + by' + csi', 
y = ax -f yy + cz\ 
z = d'x' + h"y -f cz, 

in which expressions a^ b, c represent the cosines of the angles 
which the axis of x makes with the ai^es of Xy y\ z'/ a', b', <f 

The coefficients a, b, c ; o', 6', c j a", 6", c", are connected by the equa- 
tions, 

a» + a'« -I- o"« =1, a6 -f- aV + a"6" = 0, 

68 4. 6'a 4. 6''a =1, ac -h aV -f- aV = 0, 

«* + «^* + 0"* =1, 6c + 6V -f 6V = 0. 

If we refer reciprocally the coordinates x, 3/, z to the axes of x, y, z\ we 
have 

x' =: ax -f- d'y -|- a"z, 

y' zz bx -^ b'y 4- 6"s, 
2 = cx -f- cy -f- c «. 

Hence also we obtain the equations 

a2 4- 6» -f c3 = 1, aa 4- 66' -f- cc' = 0, 

a'a 4- &'a 4- c'« = 1, aa 4- 66" 4- cc" = 0, 

a"2 4- 6"9 4- c"* = 1, a a" -|- 6V 4. cV = 0. 



These last six equations are equivalent to the first six, and by either set the> 
nine variables are connected as equations of condition, so that three only may 
be considered as arbitrary. 

If again, by the usual process of elimination, we obtain from the first equa- 
tions values of x', y, z in terms of x, y, z and the coefficients, and compare 
the results with the values given in the second set, we have new relations be- 
tween them, viz. 

a = oc — DC, a ^. b c ''^ DC f a =z be — oc, 

6 = a c — • ac , b xz ac * — a c, b ■=. ac — ac , 

fin f*if t ffL jff " Lf 'L 

c zz. ab —' a b , c tz a b — ab ^ c zz ab — ab. 
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the cosines of the angles which the axis of y makes with the same 
axes^ &c.^ and therefore these quantities are connected by the 
usual equations of condition. 



Also, since only three of these variables may be considered as independent 
quantities, it is both natural and convenient to obtain expressions for them in 
terms of three other independent quantities. 

Thus, if AT (fig. 46.) be the intersection of the plane of x', y with that of 
X, 2^, or the trace of the plane of x, y, on that of x, y, 

\%il_ TAx = ^, Z. TAa' = ^, 

and let the inclination of the plane of x\ y to that of x, y^ or, which is the same 
thing, the /. 2 Az' = 9, since the axes A z, Az' are perpendicular to those 
two planes. 

Then suppose a sphere to be described with radius = 1, and A as a centre, 
we have, on the surface of this sphere, a triangle formed by the axes inter- 
cepted by the angles TAx, TAx', and x Ax', and hence, since by the formula 
of Spherical Trigonometry, a, j3, y being the sides of a triangle, and A the angle 
opposite to a, 

cos. a = sin, j3. sin. y. cos. A -)- cos. j3. cos. y, 

we obtain in this case 

COS. X A x' = a = sin. if/, sin. ^. cos. Q, -f- cos. if/, cos. ^. 

Again, in the triangle formed by the arcs intercepted by T A x, T A^, and 

IT 

2/' Ax, observing that T Ay' = ^ + ^, we obtain 

COS. xA.y = h = sin. if/, cos. 0. cos. 9. — cos. if/, sin. ^. 
Again, in the triangle formed by the arcs intercepted by T A x, T A z', and 

z'Ax, since TAx' = -r, we obtain 

COS. X A z' = c = sin. if/, sin. 9. 
Similarly we can find 

a = cos. if/, sin. ^. cos. 0. — sin. if/, cos. 0, 
b* = cos. if/, cos. 0. cos. 9. -\- sin. if/, sin. 0, 
c = cos. if/, sin. 9, 
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Now since the axes Aa^, Ay, Asf remain fixed with regard 
to the system during the whole motion, it follows that the coor- 
dinates x\ %fy z' are independent of the time t, while the quanti- 
ties a, hy Cy &c. vary with it. Differentiating, therefore, on this 
supposition, we have 

Tt '^ Tt ^ ^ dl ^ di' 

dy , da , dh' , dc 

dt dt ^ ^ dt ^ dt' 

dz , da" , dh" , dc" 



The values of y-, ■—, -y-, are the velocities at any instant 

at at at 

parallel to the axes Ax, Ay, Ajsr, of a point whose coordinates 
are x, y, z referred to the other axes. 

Now if the system has any rotatory motion round the fixed 
point, there may he more points than one whose velocity at any 
instant may be nothing, and these points may be determined by 
making the above expressions equal to nothing. In order to de- 
termine these points, multiply the first of the equations by c, the 
second by c, and the third by c", and we find^ by addition 



a" = — sin. ^. sin, Q, 
h" = — COS. ^. sin. 0, 
e =: COS. 6, 

By substituting these nine values in the original formulae, the values of 
Vf X, z are obtained in terms of the three independent variables \j/, ^, 9, 



I 
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cda -f cda -f c'da" ^ 







dt 






cdb 


-f 


cdb' 


-f 


c"d b" 






dt 






cdc 


+ 


cdc 


-1- 


c dc 



dt 



y 



. z 



V = 0. 



But since 



c2 4- c'2 4- c'2 = 1, we have c<ic -f cdc' + c"dcf' = 0, 

and putting 

cdb -f c'c/6' -h c'd^" = pdt, 
cda -f c'^a' -f c"cfa" = — qf^/, 

the expression becomes 

py — ^a?' := 0. 

Again, multiplying the first equation by b, the second by b', 
and the third by b", we obtain a similar expression, which may 
be similarly reduced, since by the nature of the coefficients, 

^3 + 6'» -h y^ = 1, 



and 

whence 

and 



be -I- b'(f -I- b"c = 0; 
bdb -\- b'db' -h b'db' = 0, 



6(fc -f b'dc' + 6"(fc' = — c(f 6 --c'(f6' — cdb" = — pcf*. 



Putting therefore bda -f 6'(/a' -f b"da" = rrf^/, we have 



rx — J9Z 



0. 
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Similarly^ multiplying the first by a, the second by of, and the 
third by a", and reducing, we have 

gz' — ry' = 0. 

These three equations thus obtained, viz. 

pj,' -qaf = 0, 
rx — p7^ = 0, 
qz' — ry = 0, 

two of which involve ^the other, are evidently the equations to a 
straight line passing through the origin of coordinates, or the 
fixed point A. 

Hence we conclude, that all the points whose velocity at any 
instant is nothing, are ranged along a straight line passing 
through the fixed point. This straight line may be supposed' to 
remain unmoved during an indefinitely small time, and the 
systenoi therefore turns round this line for that time, as if it were 
a fixed axis : and we may consequently represmxt the motion as 
taking place at every instant round an axis, which during that 
instant remains unmoved. The position of this axis generally 
changes at every instant, and it is for this reason called the 
Instantaneous axis of rotation, 

220. Prop. To determine the position of the instantaneous 
axis of rotation. 

Since the three equations deduced in the last proposition are 
the equations of the projections of this line on the planes of jc^, 
y y z'y we have by the principles of projections if A I (fig. 45) re- 
present the line. 



p 
cos. I A 0?' = 



r 



'^P' + 9' -h r* 
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COS. lAy' = 



VjO» -I- gr2 4. r 



COS. IKz' 



s/p^ ^ q^ j^ r 



If tlien the three quantities py q, r, are known, we can ascer- 
tain the position of the instantaneous axis with reference to three 
moving ones^ A x'. Ay, Az'. 

If these quantities are constant, the axis will remain fixed 
within the system, and the system will rotate, as it would round 
an axis fixed in space. 

221. Prop. To determine the motion of rotation round the 
Jixed point. 

If we integrate the three last of the general equations (216), 
and represent the sums of the moments of the forces acting on 
the several parts of the system with reference to the three axes 
respectively, by M, M', M", so that 

M = / {^Z — 2Y) dm, 

M' = / (2X — xZ) dm, M" = / (xY — yX)dm, 

we have the three equations 
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Then by substituting for x, y, s, and their differential coeffi- 
cients -7--, —^, —, their values given in art. 219, observing 

that, a, h, c, &:c. are variable, but x\ y\ z, constant for the same 
part of the mass, the first of the three equations becomes. 






, da" . 



,'^.n 



, Ac , , 



^ 



^ .da". , db" ,. ^ . dd' ■ 

,f vL o do , uc , , 

dt di ^ dt 

,» da , , dV dc , 

^b.—.xy^f/'.-.jT-h.j-^.t/z, 



)dm = /Mdt. 



db' 



„dc 






In this equation we observe that the cooefficient of a?'* is 

a da" — a"da' ,» . , , 

. Hence since by the property of the coeffi- 



dt 



cients 



a' = b"c — be", and a' ^ b<f — b'c, 



we obtain by substitution. 



a'da" — d'dd = V'cdd' — bcdd' — bdda' ^ b'cda' 

= c (Jbda + l/da -|- b'doT) 
— b {cda H- cda + c'da') 

R 
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bj introducing q and r as in art. 219^ 
Hence the coefficient is 

cr 4- bq, 

Simila»the coefficient of y' \ which is -= , will 

become 

ap -{■ c r; 

c d c "^^ /^' u c 

and also the coefficient of j/ ', which is , will 

at 

become 

b q -f ap. 

Collecting therefore these terms together and supposing at 
present that the coefficients are so assumed as to make the other 
terms> viz. thobe which involve (x' y\af z', & y' z) disappear^ we 
obtain^ ' 



{cr -f- bq)x^^ 
f<+(.^P + cr)y' 

I 






dm = fMdt, 



.\ f {cT {x^ -h y«) -h bq U'* -h 8^2) + ap (y 2 + z^))dm 

= flAdt. 

Again, assuming 

A = /(3^'» -h 2'»)cr»i, B = f{y!^ + 7!^) dm, 

C = /(a;'» -h y^)dm. 

The equation becomes 
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Aap + Bbq + Ccr = fULdt. 

By similar substitutions the other two equations become 

Aap + Bb'q + Cc'r = /M'dt 

Ao> + Bb' q + Cc'r = /M'dt. 

In order to separate the variables a, by c, &c. from p, q, r, we 
must differentiate these three equations^ and if we then multiply 
the first by a, the second by a', and the third by a", we obtain 
by addition 

A. ^ + (C — B). qr = aM -f a'W -|- aM'\ 

Similarly^ by multiplying the first differential equation by b, 
the second by b', and the third by b^', we obtain^ 

B.^^ -i- (A— C)rp = 6M + 6'M' -f 6"M^ 

at 
and similarly, 

C.4^ + {B — A)pq = cM + c'M' + c"M'. 
a r 

We havQ here then. three, equations, arising ;&om the trans- 
formation of the last three general equations^.and these are suf- 
ficient to determine the motion of rotation of the system. By 
integration we shall find the values of p, q, r, and combining 
these three expressions thus obtained with the six equations which 
necessarily connect the nine variables a, b, c, a, Ify c', a", b', c", 
we shall obtain the values of the variables by a new integration. 
The values of these variables will enable us. to determine at any 
instant the position of the moving axes Oaf, Oy, Oz, and as 
their position is fixed with regard to the system^ the position of 
the system is thus determined. 
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222. The three equations just obtained may be more con- 
veniently expressed by transforming the moments of the forces 
Avith reference to the axes Ox,Oy,Oz, which we assumed to 
be M, M^ M", to the" new axes. For if N, N', N^ are the 
moments of the forces with reference to the new axes, we have 
at once, by the principles of transformation, 

N = aM + a'M' + a"M", 

N' = bM -h ^M' -h b"M% 

N" = cM -I- c^M' -I- c"M". 
Whence the three equations become 

Adp + iC — B). qrdt = Ndt 
Bdq + (A — C) rpdt = N'dt 
Cdr + (B — A)pqdt = N"dt. 

223. In the demonstration of the proposition it was supposed 
that the coefficients a, b, c, &c. might be so assumed as to satisfy 
the equations 

fx'ydmss: 0, fxz'dm = 0, fy'zdm = 0. 

That such an assumption may be made, can be demonstrated 
from the nature of the coefficients: and the axes which are 
obtained by this assumption possess some remarkable properties, 
and are called the principal axes. 

• 

224. Prop, To determine the principal axes of any rigid 

s 

system. 

Here it is requisite to shew that there may be any principal 
axes, or rather that axes may be taken so as to fulfil the con- 
ditions. Now the principles of the transformation (see note, art. 
219) enable us to determine the variables a, b, c, Sec. in terms 
of three other independent quantities, which will determine the 
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position of any three rectangular axes : and if the inclination of 
the planes x, y, and jc^, y\ be called 9; and the angles which the 
intersection of these two planes makes with the axes of x and x 
respectively be called ^ and ^, we obtain 

X 'ss. X (sin. if/, sin. ^. cos. 9 + cos. if/, cos. ^) 

+ y (cos. 1^. sin. ^. cos. 9 •— sin. if/, sin. ^) -~ 2 sin. ^. sin. 9> 
y ^=^ X (sin. if/, cos. ^. cos. 9 -— cos. if/, sin. ^) 

y (cos. if/. COS. ^. COS. + sin. if/, sin. ^) — z cos. ^. sin. 9^ 
z =z X sin. if/, sin. + y cos. if/, sin. B + z cos. 9 ; 

or puttings for the sake of abbreviation, 

X =: X COS. if/ — ^ sin. if/, 

Y = X sin. if/ COS. + y cos. if/, cos. 9 -^ z sin. d, 

we have 

j;' = T sin. ^ -f X cos. <^y 

y' =r T COS. ^ — X sin. <^, 

z =: X sin. if/, sin. 9 + y cos. if/, sin. + z cos. 0, 
If we then substitute these values in the three expressions, 

fxydm = 0, fjfz'dm = 0, fi/'z'dm = 0, 
we find from the first, 



sin. <^. cos. <^. /(y* — X*) dm 
-f (cos.* <^. — . sin.* tp,) fxYdm 



Uo. 



or sin. 2 <^. / ( y* — x^) dm + 2 cos. 2 <^. / x y rf m = 0. C^J 



So from the others. 



126 ELEMENTS OF MECHANICS. 

COS. ^, fYz dm — sin. <^. /-kt^ dm = 0, C^) 

sih. <b, /yz dm -f- COS. <<>. /xjs'dm = 0. (pj 

From these last two equations (n and pJ we readily obtain^ 

fYzdm = 0, fTLz'dm = 0. 

Now these two equations do not involve the angle fy and 
hence we may from them find values of if/ and which may 
satisfy the required conditions : and if these angles are known^ 
the first equation will enable us to determine the tan. 2p^ and 
therefore the angle ^. 

Thus by making the proper substitutions^ 

Y2' = sin.d. co8.d(^*sin.*if/-|- 2xy sin.if/. cos.if/ + y'co8.*iJ/ — 2:*) 
+ (cos.*d — sin.'d) (a:« sin. ^ -\' yz cos. if/), 

X 2' = sin. ^ {a?^ (cos.* if/ — sin.' if/) + ( a?* — ^') sin. if/, cos. if/} 

-h COS. ^ {xz COS. if/ — ^s: sin. if/). 
If we then assume 

fx^dm = A', /5^'rfw* = B', /js'i/w = e, 
fxydm = E', fxzdm = F, fyzdm = H', 

and observe that these quantities A, B, C, E, F, H, are con- 
stants which depend on the nature of the body and the direction 
of the azes^ which we have chosen arbitrarily, we obtain 

sin. 2B (A' sin.» if/ 4- 2E' sin. if/ cos. if/ -f B' cos.« if/ ^ 

— e) + 2 COS. 2d (F sin. if/ + H' cos. if/) ^ = ^' 

sin.d {E' (CO8.2 if/ — sin.* if/) + (A' — B') sin. if/. cos. if/} > _ 

-h cos. d (F COS. if/ -. H' sin. if/) i "* * 
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From the first of this the value of tan. 26 may be obtained, 
and from the second the value of tan. 6, and 6 may be eluninated 
by means of the trigonometrical formula, 

^^ 2tan. d 

tan. 2e = 



1 — tan.^d' 
In order/to effect this more conveniently assume tan. i|/ = u. 

f 

* ; . • 

, M , 1 

/, sm. }l/ = -, COS. if/ = 



Vl -I- tt* , Vl -h « 



2 



, o^ 2(F« + HO VI -h u^ 

/. tan. 2d = — 



A'u^ + 2E'm -f B' -- C (1 -f tt«y 



tan. d = - ^ ^ 



E' (1 -^ ««) ' + (A' — BO « 



Hence making the proper substitutions and reducing we 
obtain, ^ 

{E' (1 — M*) -f (A' — BO u} {B'P' — FC — EH' 

H- (C'H' — A'H' -h E'F)tt} 

+ (F« -f HO (F — H'«)* = 0. 

We have here an equation of the third degree, which must 
have at least one real value of u, and therefore must give u6 a 
real value for the angle ^ : and if we substitute this value in 
either of these last two equations, we shall find a I'eal value for 6. 
Hence since ,we can obtain from equation (m) a value for the 
tan. 2<p. and therefore for 9, it follows that ^, sp, and 6, can always 
be assumed so as to satisfy the conditions, and hence there may 
h^ at lestst one system of pnndpal axes, which cut one another 
in the p6int A, and which" may be determined by assuming the 
angles <p, i|/, B, so as to fulfil the equations. 
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f X y dm ^=- ^y f X z dm =0, fy'z'dm = 0. 

225. The three roots of the cubic equation obtained in the 
last article are necessarily real> but we must not therefore con- 
clude that there exists in each system more than one system of 
principal axes. In fact, these three roots reJpresent the tangents 
of the angles contained by the axis of x, and each of the three 
lines in which the planes of the coordinates x\ y, ^y cut the 
plane of x^ y ; for there is no reason why we should consider one 
of these angles as given by the equation rather than the other, 
and the equations of condition are equally satisfied^ when we in- 
terchange the axes of af^ y, z\ Hence, in general, there exists 
only one system of principal axes ; and in order that there might 
be more, the equation ought to be of a higher degree, and should 1 
present three times as many real roots, as there should be 
systems. 

But yet if the equations which determine the values of 9, 1^, Q, 
become identical, we then have an infinite number of systems 
of principal axes. 

226. Def, The sum of the elements of any system multiplied 
respectively by the squares of their distances from any axis, is 
called the moment of inertia of the system with reference to that 
axis. 

Thus the quantities which in art. 221, were designated by A, 
B, C, represent the moments of inertia of the system refexred 
respectively to the axes of y, y', z, respectively. 

The value of the moment of inertia varies necessarily with .the 
position of the axis to which it is referred, but when the moments 
of inertia with reference to the principal axes are given, it is 
easy tp determine the moment with reference to any other axis 
whatever. 
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.227- Prop. To determine the moment of inertia of any sys^ 
tern with reference to any axis having the same origin as the 
principal ajses, when the moments, with reference to the principal 
axes are given, 

Let of, y, Zy be the coordinates of any element of the system 
, d m referred to the principal axes^ 
^i y> ^9 the coordinates of the. same element referred to 
. any other axes with the same origin. 

And let C =z f {x^ -f- y^) dm, the moment of the system 
with reference to the axis of z. 

If we substitute the values of x, y, obtained by the principles 
of transformation (note 219) we have since f xy' dm =^0, &c. 

C = (1 — a'«)/^2^OT + (1 — b''^)fy'Um 

+ (1 _ c '2) fz^dm. 

And since a"* + b"^ + c"^ = 1^ this equation may be re- 
duced to 

a = a "2. A + 6"2. B + c ». C. 

. The. three. quantities a", b",c", are the cosines of the angles 
which the axis of z makes with each of the three principal axes ; 
hence^ the moment of inertia of a system with reference, to any 
axis passing through a given point is generally equal to the sums 
of .the moments with reference, to the principal axes which cross 
at that points multiplied respectively by the squares of the cosines 
of the angles which the axis in question makes with the principal 



axes. 



228. Prop. To determine with respect to which of the axes 
drawn through the same point, tlie moment of inertia of any 
system is a maximum or minimum. 

8 
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Let A be the greatest, and C the least of the three moments^ 
A> B, C referred to the three prindpal axes. 

Then substituting for a"* its value 1 — h"* — c"* in the equa- 
tion for O found in the last art. we have, 

C = A — 6 2 (A — B) — c'« (A — C). 

By hypothesis A — . B and A — C are positive ; hence C is 
always less than A^ whatever be the values of h" and (f. 

Again^ substituting in the same ^quatioa for c"^ its value 
1 — a"2 — b"^, we have 

C = C + a'^ (A — C) + b"^ (B — C). 

Hence C' is always greater than C. 

We conclude^ therefore^ that the principal axes exhibit gene- 
rally the greatest and the lec^t moments of all axes through tlie 
same point. 

229. Cor. J. If A = B, we have 

C' =(1— .c"2) A + c"2 C, 

-and as this value only depends on cf\ it foUo^vs that the moment 
of inertia is in this case the same for all axes making the same 
angle ^vith the axis of s'. The moments of inertia, therefore, 
referred to all the axes in the plane of x, y\ which make a right 
angle with the axis of Zy are equal to <me another ; but, in this 
case, every system oonsisting of the axis of z', and twcT other, axes 
at right angles to each other and to it, are principal axes: or for 
any such system, 

f xydm = 0, fxzdm = 0, fyzdm = 0. 

For if we transform these expressions to the axes of ar', y z\ 
we obtain, observing that / x y dm = 0, &c. 

aa'fx^dm + bb'fy'^dm -{- ccfzf^dm = 0, 
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aa"fx^dm + hh'f^Um + cc"fs^Hm = 0, 
dd'fx^dm 4- b'U'fy'Hm 4- cC'fzHm » 0, 

But by hypothesis A s= B 

/. fy^dm =s fx*dm, 

and also ad + ^^' + cc ss 0^ &c. 

Hence the three equations give us, 

cc (fx^dm — fz'^dm) = 0, 

cc\fs^dm — fz'Hm) = 0, 

cc'i/x^dm — /z'*c/i») = 0. 

These equations are satiafied by supposing c as 0, c' ss 0, and 
c' =i I; whence it follows that all the axes In the plane of x\ y, 
are principal axes> and the systcsn has an infinite number of 
principal axes^ which have the axis of z' common to them all. 

230. Cor. 2. If at the same time A s= B = C, we have 

C = A. 

The moments of inertia, therefore, are all equal, and all the 
axes are principal axes : fiir the equations obtained by the trans- 
finrmation in the last article are satisfied independently of the 
values of a, h, c, &c. 

231. Prop, To determine the moment of inertia of any system 
with reference to any axis, when the moment with reference to an 
axis parallel to it and passing through the centre of inertia is 
given. 

Let X, Y, z be the coordinates of the centre of inertia, 

x^f y,, z, the coordinates of the element dm referred to that 
point. 
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so that jr = 0?^ + X, y = y^ -f v, z = 2, + z. 
Then^ by sabstitution, we obtain 

C = /{ (x, + xy + {y, + Y)« } dm, 

= fi^? + yf)^'^' + 2xfx^dm H- 2Yfydm 

+ (x« + Y^)fdm. 

But by the property of the centre of inertia (201) 

f x(dm = 0, 2LndL fyjdm = 0. 

If therefore we call M the mass of the whole system^ and r 
the distance of the centre of inertia from the axis of *, we have 

C =/(ar^» + y})dm + r«M. 

Hence the moment of inertia of any system with reference to 
a given axis^ is equal to the moment with reference to a parallel 
axis through the centre of inertia plus the moment of the whole 
mass coUected in its centre of inertia with reference to the given 
axis. 

This property enables us to find more easily the moment of 
inertia of any system^ by first finding the moment with reference 
to an axis through the centre of inertia. 

232. Cor, Hence it is evident^ that the least of all the mo^ 
ments of any system is referred to one of the principal axes which 
cross at the centre of inertia. 



CHAPTER IX. 

ON THE MOTION OF A RIGID SYSTEM ROUND A FIXED 

AXIS. 

233. If there are two fixed points in the system^ the motion 
can only take place round the line joining these two points^ 
which therefore becomes a fixed axis (50). 

Prop. To determine the motion of a system round ajixed cuds, 
^The investigation of the motion is in this case more simple and 
it is more convenient to refer to the general equations deduced 
in art. 206 rather than to the equations of rotation in art. 221. 
We can here assume the fixed axis of rotation for one of the 
axes of coordinates^ as for instance^ for the axis of z, and the 
plane of x, y, is consequently perpendicular to the axis of rotation. 
Again^ this plane of x^^^ may be assumed to pass through the 
centre of inertia of the system ; and the first of the three 
general equations will determine the motion, viz. 

/(^^-i=/^) dm = /(.Y - yX) dm. 

If we suppose a plane to pass through the axis of rotation and 
the centre of inertia of the system, the position of the trace of 
this plane on the plane of x, y, will determine at any instant the 
position of the whole system. Let us therefore assume our new 
axes of if, y\ S', such that the axis of x may coincide with this 
trace, and the axis of z with that of z or the fixed axis ; and let 
B be the angle which this trace or the new axis of x makes with 
the axis of x, then we have 
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« = a* COS. tf + y sin. 9, tf =s — x sin. 6 + ^ oos. 9, 

If we differentiate these values, observing that of, and ^ are 
constant for the same element dm, but the angle 6 variable^ and 
if we substitute in the equation^ we obtain 

J^/(^" + y'^)dm = — f(xY —yX)dm. 

The expression / (o;^ + y'^) dm is the moment of inertia of 
the system with reference to the axis of z, and if we call this 
moment A^ the equation becomes^ 

A. ^/ = -/(*Y-,X)dm. 

Since the parts of the system are supposed to be connected in 

an invariable manner^ every particle must revolve round the 3sds 

with the same angular velocity ; and since 6 is the angle which 

the revolving trace makes with the axis of x or with a fixed line, 

d$ 

-T-will measure the rate t)f increase of this angle, or will measure 

the angular velocity of the trace> and therefore of the whole 
system. 

234. Cor, 1. From the above expression then we can obtain 
by integration the angular velocity of the system, if v9^ know 
the forces which act upon it. 

Thus if the only force acting on the system be an uniform 
force acting parallel to the axis of j;, so that Y tss and X :&: / 
we Uien have 

f{xY — ^X) rfw = — f y yidm 

=,/sin. $ f xdm — y cos. d f^dm, 

since B is constant for any one position of the system. 

But since also the axis x passes through the centre of tBcsrtia 



\. . ^ 
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of the system fy'dw.^:. ejiA f x'dm a= Ma, (201), if M is 
the whole mass of the system^ Hence 

A -— = — M-x^ f sin. ^. 

Multiplying this hj 2dB and integrating, we have, 

dB^ 2 Mar,/ COS. B , ^ 
Tt"^ = A ^ ^' 

C being an arbitrary constant. 

235. The importance of this case of motion round an axis may 
perhaps require that an investigation should be given inde- 
pendent of the general equations ; and therefore the following is 
deduced from the general principle of d'Alembert (204). 

Suppose the system to be acted on by any forces which cause 
it to revolve round the fixed axis. 

Let F be any accelerating force acting on any element dm 
and making an -angle h with -the tangent to the circle in. which 
the element is compelled to move. • And; if F be resolved into 
three directions, one paraileL to the fixed axis and therelbre in- 
e£Eectnal, the ^second in the direction of the radius of the' circle, 
and therefore destroyed by the axis, and the third in the direo- 
tion of the tangent ; then this last, which will be represented by 
F oos^ S, will be the eiFeotive accelerating force. 

If . then tt. is. the angular veladty of each^partiele at the end e£ 
any time t, 
r the distance, of the element dfn from the axis» 

ra will be the velocity of c^m at the end of t : hut the acoelerat*- 
ing force would tend to impress upon the element during any 
instant dt 2i velocity represented, by F cos. d. dt.^ and hence at 
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the end. of any time i -^ dt, we. have an impressed velocity on 
dm represented by r » + F cos. $. dt. 

But since the element is connected with the rest of the system 
it can only receive during the .time <^ / a velocity rdv, and 
therefore the actual velocity will be represented by r & -f- rdu. 

Multiplying therefore these exinressions by dm, we. obtain the 
values of the impressed and actual motions^ and again multiply- 
ing t)y the distance of dm from the axis we obtain the moments 
of these forces which ought to be in equilibrio round that axis. 
Hence by the principle (204) we obtain for the whole system^ 

f(r^o + Fr COS. S. dt)dm — f(r^a + r^da) dm =.0. 

Whence we obtain> 

dt/Yr COS. I. dm = dafr^dm, 

da f^r COS. I, dm 

•'• ~dt ■" J^i^'m ' 

This equation will enable us to determine the angular velocity 
of the system in terms of the time^ when the force F and the 
angle $ are given for every point in the system. 

236^ If the system revolve uniforml^t round the axis; let the 
-force which put it into motion be such as would have impresBed 
on any particle^ m, a velocity v, were the particle free. 

Let B be the angle which the direction of the. force makes with 
a plane perpendicular to the axis> then as the motion can only 
take place in this plane^ the ■ velocity which F really tends to 
impress on m is represented by v cos. B, The actual velocity in 
this case is r ». Hence if p represents the perpendicular let 
fall from the axis on the direction of the motion, we have by the 
principle, as in the last art. 

, 2. mj} «; cos. ^.=s 2. wir*«^^ (n.^^mr^. 
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If the same velocity is impressed on all the particles acted on^ 
and if it is in the plane perpendicular to the axis^ we have 
:= 0^ and 008. 6 = 1^ and hence, . 

V, 2. mp = u. 2. mr*. 

And i£h be the perpendicular let fall from the centre of inertia 
of the whole mass M, on a plane passing through the axis of ro- 
tation^ and parallel to the directions of the impressed velocity, we 
then have M A s= 2. mp, and therefore 

Mvh 

u - 



Or, if the system is cimtinuous and the particles in contact, 

Mvh 



V 



If only a certain portion of the mass is acted on, as jk, 

fr^dm 

This expression will enable us to determine the angular ve^ 
locity of the system. 

237* The pressure upon the axis must be estimated by ascer* 
taining what part of the forces are counteracted by the axis ; but 
besides this pressure arising from the accelerating forces, there is 
another, which exists in every system in motion, arising from the 
inertia of the several parts. This tendency, which in a rotatory 
motion would make the particle endeavour to fly off from the 
centre of rotation, and has therefore been called a centrifugal 
force (197), will, if not counteracted, produce a pressure or strain 
upon the axis, which we now proceed to estimate. 

T 
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Prop, To determine the pressure upon ajixed axis of rotation 
arising from the inertia of the parts of the system. 

Let the axis of rotation be assumed as the axis of jsry x, y, z 
being the coordinates of any element dm, 

r, the distance of dm from the fixed axis or the radius of 
the circle^ which it describes in the revolution^ 

Uy the angular velocity common to all the points. 

Then^ if we suppose the system to revolve uniformly^ or not 
acted on by any accelerating forces^ r a will measure the actual 
velocity of dm; and hence the centrifugal force of the element 
will be (liM) ra^y and this force will act in the direction of the 
radius produced. The moving force of this element will be 
therefore rte^dm; and as each particle will exert a similar 
action upon the axis^ the resultant of all these forces^ or the two 
resultants^ if they cannot be compounded into one^ will give the 
whole pressure on the axis arising from the inertia. 

In order to estimate this^ let the point of application of the 
force r^^dm be transferred to the point where its direction cuts 
the axis; and let the force be there resolved into two^ respec- 
tively parallel to the axes of x and of y, and situated in the 
planes of x, z, and y, z. Since^ therefore, the direction of the 

force is inclined to the axes at angles whose cosines are - and -, 

r r 

the components are 

xn^dm, y»^dm; 

and the resultant of all the forces parallel to the axis of x is 

fxa'dm = a^fxdm = aKMx,, 

if M represents the mass of the system^ and x^ the coordinate of 
the centre of inertia. 
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Similarly^ the resultant of all the forces parallel to the axis 
of ^, is 

And if z, 2f' are the distances of these resultants from the 
plane of x, yy we have^ by the theory of the moments of parallel 
forces (27), 

Ma:/' = fx zdnky My/" := fy zdm; 

from which z and z" may be determined. 

We thus discover the forces which acting in the planes of Xy Zy 
and y, Zy endeavour to draw the axes in a direction perpendicular 
to its length ; and also their points of application. If jsr' =: z", 
the two forces »^. M x^y a^. My^y are applied to the same point, 
and are reduced to a single force a^.Ms/ x^^ -\- y^y which 
expresses the pressure on the axis arising from the motion of the 
system. 

238. Cor, If we suppose the axis of rotation to be one of the 
three principal axes crossing at the centre of inertia ; then since 
this centre is in the axis of Zy we have x=0 and y^ = 0, and 
let z, =: a. If we therefore transform the origin to this point, 
the coordinates of dm are x,yyZ — a, and hence, by the property 
oi the principal axis, 

/x(z — a) dm = fxzdm — a/xdm = 0, 
fy(z — a) dm = fyzdm — afydm = 0. 



/ 



Now f X dm =z Mx, =z Oy and fy dm = My^ = 0, since the 
centre of inertia is in the axis of z, and therefore 

fxzdm = 0, and fyzdm := 0. 

Hence since 0^ Ma;, the resultant of all the forces in the plane 
X, Zy and the sum o^fxzdm of their moments are nothing, these 
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forces are in equilibrio independently of the fixed axis : similarly 
the forces in the plane of y, z are in equilibrio with each other ; 
whence^ if the system revolve round a principal axis through the 
centre of inertia, the centrifugal force of the parts will not exert 
any pressure upon the axis, so that if this axis were suddenly to 
cease to be fixed, the motion will not undergo any change^ but 
will continue exactly as before. 

239. Cor, 2. If the axis be a principal axis, but do not pass 
through the centre of inertia, then neither x^ s= 0, nor y, := 0, 
but still, 

J'xzdm = 0, fyzdm = 0, 

whence z and z" are each » 0, and therefore the axis of rotation 
undergoes a pressure equal to u^.M V x^ -f y^y applied at the 
origin. If, therefore, this point only is fixed, the pressure arising 
£rom the centrifugal force will be destroyed ; and hence, if we 
suppose the axis to cease to be. fixed and to be free to turn round 
the origin, the motion will not be changed, but will continue 
exactly as before. 

Hence if there be a fixed point in any system, there are three 
axes passing through that point, round which the system may 
revolve uniformly, without displacing them. 

240. The principal axes are the only ones to which this pro- 
perty attaches ; for if the system be compelled to revolve round 
any other axis through this point, this axis will undergo a pres- 
sure which does not pass through the origin, since z and /' are 
not nothing. If, therefore, this axis is not a fixed axis, but 
capable of turning round the origin, which alone is fixed, the 
pressure will not be destroyed, the axis of rotation will conse- 
quently be displaced, and xh& motion will change. 

241. If a rigid system with a fixed point be put into motion 
by any instantaneous or other force, its motion will continue per- 
manentf if it commences round one of the principal axes passing 
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through that fixed point : hence it will be necessary and suf- 
ficient that the effect^ which the axis of rotation experiences at 
the commencement of the motion^ should be reducible to a single 
force perpendicular to this axis^ and passing through the fixed 
point. 

- 242. Prop. To determine ike pressure upon the axis, when 
the system is put into motion htf any instantaneous force. 

Let the axis of z be taken as the axis of rotation^ &c. as be- 
fore. Then if » is the angular velocity communicated to the 
system by the force, ra is the velocity of any element dm, and 
rudm its momentum in the direction of the tangent to the circle 
whose radius is r. 

Now in order to apply the principle (205), we must estimate 
this motion in a direction contrary to that in which it acts ; and 
if we then resolve it into three, one parallel to the axis of z, and 
therefore ineffectual ; the other two respectively parallel to the 
axes of X, and y are 

— yadm and xudm. 

Similarly resolving the motions communicated to all the other 
elements, and introducing M, x^ and y^ as before, we have 

— My tf = / — yadm, Mx^a = fxadm: 

where — M^^» represents the resultant of all the motions 
parallel to the axis of x, and M j;^ & the resultant of all parallel 
to the axis of y. 

If we then take z and z', as before, for the distances of these 
resultants from the plane of x,y, we have for the sums of the mo- 
ments of the forces, 

My^z = fyzdm, and Ma?^2!" = fxzdm, 
to determine sf and z\ 
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And also if v represent the velocity which the force would tend 
to impress in a plane perpendicular to the axis^ on a portion of 
mass equal to /a, we haire for the forces in equilibrio by the 
principle^ 

243. Cor. 1. If fyzdm =s 0, and fxzdm = 0, then s = z" 
= 0^ therefore the forces — M^^u, Mo? & are in the plane of 
x,i/; and since the plane in which the force acts maybe assumed 
as the plane of x, y, we then have three forces in the same plane 
in equilibrio round a fixed point which is the ori^. The re- 
sultant then of these forces may easily be obtained^ and we then 
have the pressure on the axis arising from the force. 

244. Cor, 2. If the quantities fyzdm, fxzdm are not 
nothings the forces,— My^w, Mx,a are not in the plane of x, y. 
We must therefore reduce them to that plane> and the parts 
which are in that plane will give the pressure perpendicular to 
the axis ; the other parts will determine a pressure parallel to 
the axis of rotation. 

245. Vi^ov, To determine how an instantaneous force mvst 
act on the system, in order that there may be no pressure from it 
on the axis : 

The case where z == z' = is the only one in which 
this can occur, and for this it is necessary that the resultant of 
the three forces should be in equilibrio, independently of the 
fixed point. Hence the three components must separately =: 
(18). If then a and j3 are the angles which the direction of the 
force makes with the axes, 

f* V cos. a — My^« = 0, fAV sin. a -f M a;^ w = 0. 
Substituting for » its value j^^, (236) and reducing. 
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we obtain 
COS. ot,fr^dm — MA^^ = 0, cos. j3,/r«rfm -f MAa?^ = 0. 

By these equations^ since C06.^a + cos.^ ^ =s 1^ we find, 
{fr^dmy = M«A2(ar^2 + y^2), 

tan. a. -^ + 1 = 0. 

If the centre of inertia of the system be supposed projected on 
the plane of x, y, the tangent of the angle which a line drawn 

from it to the origin makes with the axis of « = — > hence by 

the known form of trigonometry this line is perpendicular to 
the direction of the force. We conclude therefore that the direc^ 
iian ofthe/brce ought to he perpendicular to the plane paseing 
through the fixed axis and the centre of inertia. The other 
equation gives us the distance at which it meets the plane, 
and putting r^ = >y x^^ -f y^^, we have 

fr^dm 



h = 



Mr 



246. This proposition enables us to determine the point which 
ia called tiie Centre of Percussion, or the point at which a system 
must be acted on by an instantaneous force, in a direction per- 
penrdieular to die plane through the axis and the centre of 
inertia, so as to produce no pressure on the axis of rotation. 



DYNAMICS. 



SECTION II. 
INTRODUCTION. 

ON THE LAWS OF THE MOTION OF MATTER. 

247. We now proceed to apply the oonclusioiis of the preced- 
ing section to the various phenomena of motion exhibited in 
nature : and first we will consider how fieur the assumptions which 
were made (147) with respect to the inertia of the elementary 
point or particle hold good with respect to the different forms of 
matter. 

That the cause of motion does not exist in the body moved, 
will be readily admitted from daily experience : that the motion, 
if it does continue, will have a tendency to be rectilinear will be 
evident, because there can be no reason why the body should 
deviate to the right rather than to the left of the line; but 
that it will have a tendency to be uniform is not so evident. It 
might at first sight be imagined that every body had. a natural 
tendency to return to a state of rest ; but experiment shews that 
in proportion as we remove the impediments to motion, which no 
experiment can completely do, so we gradually approximate to 
uniformity of motion as a limit. If we extend our observations 
beyond the surface of the earth, we see bodies which have for 
ages maintained a motion which was once communicated to them, 
without any sensible alteration. Hence we conclude that matter 
is endued with inertia, and we assert as a law of motion. 
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That every body at rest will continue at rest, and a body in 
motion will continue in uniform rectilinear motion^ unless it is 
acted on by some external force, 

248. With respect to the forces which produce any change of 
rest or motion^ we may observe that we measure them by their 
efiects (4)^ and that they are considered as instantaneously or 
continually acting, according as the duration of their action is for 
an indefinitely small time, or continued incessantly during a 
longer period. And it follows from the property of inertia that 
the motion communicated by an instantaneous or impulsii^e force 
would, if undisturbed, be uniform ; but that if the force acted 
continually, the motion would be accelerated or retarded, accord- 
ing as the force conspired with or was opposed to any previous 
motion. Again, the acceleration or retardation may be regular 
or variable^ in which case the force is an uniform or variable 
force (147 *).• 

* The second law of motion is considered as implied in our assumptions (4) 
as to the method of estimating force. It is usually enunciated thus : 

Every motion or change of motion j^oduced in a given body, during a given 
time, is proportional to the force which produces it, and in the direction of the 
force. 



V 



CHAPTER I. 

ON THE MOTION OF HEAVY BODIES NEAR THE SURFACE 

OF THE EARTH IN VACUO. 

249. Experiment shews that if a heavy body fall from rest in 
vacuo near the earth's sur£ace^ it will acquire a velocity pro- 
portional to the time of its fall : and also that the velocity is 
independent of the form or mass of the body. Gravity therefore^ 
or the force which causes this fall (59) is an uniform force (147)> 
and since it acts equally on every particle of the body^ every 
particle is endued with a parallel motion^ and the formulae for 
the motion of a point will determine the. motion of the whole as- 
semblage^ if we can measure the force, or find the velocity gene- 
rated in the unit of time. * 

This force, we must observe, is different at different parts of 
the earth's surface, but for the same or nearly the same place 
may be considered as constant (60) ; and the latest experiments 
teach us that in the latitude of London a body will fall in vacuo 
through 16xV ^^^^ nearly in 1" of time. Hence, since the body 
would move through double this space in the same time with the 
velocity acquired continued uniform (182), the velocity generated 
in 1" would be measured by 32J- feet, which quantity we will 
represent by g. 

250. Prop. To determine the motion of a heavy body near the 
earth's surface. 

If we substitute g for f in the formulae for the motion of a 
point by the action of an uniform force, deduced in art. 176, &c. 
we obtain formulae for the solution of all questions relating to the 
fall of bodies, viz. 
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V = v' ± gt, 
s = vt ± igt^, 
2gs = i;2 «— > 1)'^ ' 

where v denotes the velocity which the body has at the com- 
mencement of the motion^ whether by an impulsive force or any 
previous action of the same force. 

If the body moves from rest^ these formulee become 

V ^ gt, J = ^gi^, v^ = 2gs. 

251. If the body be projected vertically upwards^ gravity 
becomes an uniformly retarding force^ and the formulae are still 
applicable^ if we substitute velocity destroyed for velocity gene- 
rated^ &c. Thus> the body will rise until the whole velocity of 
projection is destroyed^ and the height to which it will rise is 
equal to that through which it must fall to acquire a velocity 
equal to the velocity of projection ; and would therefore be de- 
termined from the formula v^ =^ 2gs. 

Similarly its position at any time if the velocity of projection 
were given would be determined from the equation, 

* = «'/ — ^gt . 
And so also for other cases. 

252. Prop. To determine the inotion of a heavy body projected 
obliquely to the horizon. 

We will here suppose that no rotation takes place^ or rather 
we will determine the motion of the body as if it were collected 
in its centre of gravity. 

It is evident that the path of the body will lie in the vertical 
plane which passes through the direction of projection, and if we 
therefore, with this point as origin, take an horizontal line as the 



.^.. 
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axis of x, and a vertical line as axis of y, two of the general 
equations (151 ) are sufficient^ viz. 

^ "" dt^' ^ "■ dt^' 

But since the only accelerating force acting on the body is 
gravity which tends to draw the body down> we have 

dt^ ^' dt^ ^' 

whence by integration we obtain^ 

X =z at, y = — igi^ H- bt, 

in which operations we must observe^ that we have assumed the 
origin of the time to coincide with the origin of coordinates. 
If we then eliminate t, we have> 

b , x^ 

In order to determine the constants introduced at the first 
integration^ let v be the velocity of projection and € the angle 
which the direction of projection makes with the horizontal axis, 
or the angle of elevation ; then 

' V COS. e is the velocity in the axis of x, 

V Smi € the velocity in the axis of y. 

. dx . dy 

but — = a, and ^ = — g* H- b, 

and^ therefore^ if we make ^ ^ 0, we have (151 ) 

a = t; COS. €, b ssz V sin. c. 
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Substituting therefore these values for a and b, we obtain 

y ss. X tan. e — X — r^ •• x*. 

which is the equation to the path of the projectile. 

If h represent the height due to the velocity of projection we 
have (181) »« = 2gA, 



^\ y :=z X tan. € — 



x^ 



4Aco8.^6* 



This is evidently the equation to a parabola referred to hori- 
zontal and vertical axes through any pointy and whose principal 
parameter^ or latus rectum^ is 4 A cos.^ €, e being the angle which 
the tangent at the origin makes with the axis of x. 

253. Cor. 1. The horizontal range, or the distance at which 
the projectile again meets the horizontal plane^ is easily found by 
making ^ =: 0; and we thus find^ 

X = 4^sin. 6C0S. € = 2^ sin. 26 ^ Range. 

254. Cor. 2. The greatest height above the horizontal plane 
is determined by finding the maximum ordinate : and by diffe- 
rentiating we have 

dy a; » _ 

7^ = tan. € — -5-7 «- = 

dx 2ncosr€ 

.*• X = 2 Asin. €. COS. e =: A sin. 2 c. 

Hence the abscissa corresponding to the greatest height is half 
the range : and substituting the value of x in the equation^ we 
find 

y z= h sin.^ € = Greatest height. 

255. Cor. 3. The time of flight is easily determined by substi- 
tuting in the equation x = a ^^ or rather x = v cos. €. t, the 
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value of Xy which gives the horizontal range. By this means we 
find 

/ = 2 ^^ — . sin. € = Time offii^hU 

g 

256. Prop. To determine the direction of projection, so that 
the body may hit a given mark. 

Let a and )3 be the coordinates of the given mark. Then if 
the body hits the mark, the given point must be a point in the 
parabola; hence 



/3 = a tan. € — 



a« 



4AC08.*€* 

By the solution of this equation^ we obtain 

tan. e = ^^ ± >/(4A' - (4A)3 -f a')) . 

a 

Prom this it appears, that if Ah^ -f «* is >4A*, or if 

,. ^ )S +>/(«' + j3*) ., , - . . . ., , 

« IS < ~ i— 1., the value of tan. € is impossible, 

and the velocity of projection is not sufficient to carry it to the 
mark. 

It h ^ S • • ten. € = — . 

^ a 

It y» 18 > /, tan. € has two values, be- 

2A 
tween which the quantity — is an arithmetic mean, and there 

ct 

are two directions in which the body may be projected, so as to 

hit the given mark. 

257* This theory of projectiles supposes that the body moves 

in vacuo, but the resistance of the air is such as considerably to 



\ 
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affect the motion. The determination of this resistance comes 
properly under the subject of fluids, but were the resistance 
given^ the formulte might be applied to the investigation of the 
motion. 

258. If the body is constrained to move on a given surface, we 
must introduce the formulae for constrained motion deduced in 
Sect. I. Chap. IV ; and we shall then be able to determine the 
circumstances of the motion. 

In all cases we may observe, that the velocity acquired is inde« 
pemdent of the curve (185); and hence> if a body moves down 
any curve by the action of gravity, the velocity at any point is 
ike same as that which would he acquired in falling freely down 
the same vertical altitude (188). 

259. Prop, To determine the motion of a body descending 
hy the action of gravity down an inclined plane. 

If we resolve the force of gravity into two, one perpendicular 
to the plane, and the other in the direction of the plane, the 
normal force is destroyed by the reaction of the plane, and the 
other is effective in accelerating the body. If, therefore, i is the 
angle of inclination, and g the force of gravity, the accelerating 
force will be 

. h 

g sm. » = g. y; 

if k and / are the height and length of the plane. 

And since this value is the same for every part of the plane, 
the force is an uniformly accelerating force, and therefore the 
same'formulee as were applied in art. 248 are applicable here, 
and we have 

h ^ ^ o « rt ^ 
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If thie body descend down the whole lengthy then i = / and 
the last two expressions give us, 

t = I. \/\, «« = 2gh; 

which last agrees with the general result in the last article. 

260. If in a circle^ whose diameter is vertical^ chords be dra^^oi 
to either extremity^ as PA or PB (fig. 47«)> the time dawn 
either of these chords is equal to the time down the diameter, 
wherever the point P be taken in the circumference. 

For PB« = AB. BM = 2rh 

2/* 2 

/• ^» = ^ = - (2r). 

g^ g 

The velocity also varies as the length, since h oc /*. 

261. To determine the motion when one body attached to a 
string passing over a wheel on the top of an inclined plane draws 
another up the plane. 

The string on the side of the body drawn up (p') is supposed 
to be parallel to the plane (fig. 48.), and let p be the weight, 
hanging freely. 

Then the moving force of the system (200) is here the differ- 
ence of the moving force of its parts ; and if h and I represent 
the height and length as before, 

the whole moving force = Ip — P -j) g* 

The accelerating force, therefore, which equals the moving 
force divided by the mass (200), is 

pi — p'h 



. J 
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Substituting this value for^* in the formulae for motion by the 
action of the uniform force> deduced in 176, &c. we can deter- 
mine the time, velocity acquired, &c. 

262. Similarly, if two planes are placed back to back, and a 
body on one draws up another body on the other by means of a 
string over a wheel on the common vertex, as in fig. 37> it may 
be shewn that the accelerating force of the system is 

{pV -p'V)h 

263. Prop, To determine the motion of a bodif descending 
by its own weight down any arc of an inverted cycloid, with its 
base horizontal and axis vertical. 

The velocity we have seen depends solely on the distance fallen 
through in the vertical line (258). 

The time can be determined from the general equation (190), 



ds 
dt = 



^(2f(,h-x)y 

in which x is measured on the axis in the direction of which the 
force acts, and h is the abscissa of the point k (fig. 49.) at which 
the motion commences. 

If, then, the cycloid be referred to vertical and horizontal axes 
through the lowest point, and if its axis = 2 a, we obtain from 
the equation to the curve, putting AM = x, PM = y, 
A P = *, 

d» = dx. ^^. 

X 

Substituting this value with its proper sign, and also g for /in 
the equation above, we find 

X 
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dt = ^ " ""^^ 




Whence, integrating, and observing that when < = 0, « = A, 



i = -y/^ - ( ir — versin. -7- J. 



8 

And therefore, for the time of descent to the lowest point, or 
when Of =s 

* = ir .»X — . 

8 

264. Cor. 1. We here observe, that the time of descent to the 
lowest point, is independent of the point at which the motion 
cotnmences, and is therefore the same, whatever point in the arc 
be taken. On account of this remarkable property, the cycloid 
is called tautochronal. 

265. Cor, 2. Since the velocity of the vertex is that due to 
falling through the altitude A = A H^ it will carry the body 
through the opposite arc until the whole velocity is destroyed, or 
until the body has ascended to the point k, which has the same 
vertical abscissa. When it has reached this point, it will stop, 
and again commence descending ; it will retrace the same path, 
and return to the point K, from which it first began to descend ; 
and so on continually. 

The time from K to ifc will = 2m ^ ^ 

8 

266. Prop, To determine the time of descent through a cir^ 
cular arc. 



* In this case, ds == 



^ {2ax — x^y 
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and we have therefore to integrate 

But this equation can only be integrated by means of a series ; 
and we can obtain a converging series by writing the equation, 
thus^ 

dt ^ — ^ X< ~. V 2fl/ 

* ^{kx — x^) 

Expanding the expression in the numerator by the binomial 
theorem^ &c. we have 

1 y a dx C I / X \ 

dt = -2\/ -• ^^kx - x^ ^ + 2^2^; 

1. 3 / a; \« 1. 3. 5 / a; \» „ > 

+ irr- (2^; + 2:4:6" (2^; + **'• } 



— x^ d X 
Thus the terms to be integrated are of the form 



^{hx — x") 

the exponents, n being natural numbers beginning with 0. If, 
then, the operation^ be performed, and the integral taken be- 
tween the limits a; = A, and or == 0, we find 

'=1^1- V- Q': a) - i^)' (r.)" 



* See Lardner's Integral Calculus, 222. 
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267- Cor. 1. li h be very small when compared with a, the 
first term of this series will give us an approximate value for the 
time^ viz. 

which is the same as the expression for the time down the arc of 
a cycloid whose axis is ^ the radius of the circle. Hence it 
appears also> that the time of descent down a very small circular 
arc is constant^ like the time down any cycloidal arc. 

268. From this beautiful property of tautochronism which 
attaches to the cydoid^ it was supposed that a pendulum made 
to oscillate in this curve^ would have peculiar advantages. The 
method of accomplishing this is naturally suggested by the pro- 
perty of the evolules : and as a cycloid has for its evolute another 
equal cycloid, we have only to take two semicycloids, and to 
place the extremities of their bases contiguous, in the same hori- 
zontal line, as in fig. 50. If we then suspend a body at the 
point 0> common to the two semicydoids, by a flexible string 
equal in length to either semicycloid, or, which is the same thing, 
to twice the axis, and make it oscillate between the two, it will 
generate the involute, or another equal cycloid. 

The constant change however in the centre of motion arising 
from the contact of the string with the two curves or cheeks, 
which changes also the relative velocity of the different pajrts of 
the vibrating body, renders this contrivance although beautiful 
in theory, yet useless in practice ; independently of the difiiculty 
of obtaining a string sufficiently flexible, and of ensuring accuracy 
in the plates. 

Vibrations therefore in small circular arcs, which are at the 
same time also most natural, have been adhered to in practice, 
and we have shewn (267) that as long as the arc is small, these 
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vibrations have all the advantages of the vibrations in the arcs of 
a cycloid. 

269. In the preceding investigations we have supposed that 
the velocity &c, of every particle of the body was the same^ or 
the body to be concentrated in one point. And we have also 
supposed that the string itself by which the body was suspended 
was perfectly flexible and without weighty or in other words^ we 
have been discussing the oscillations of a Simple PendHlum. 

In order to apply these deductions to a pendulum consisting of 
a heavy rod or chaih^ and a body of finite parts^ or to a Com' 
pound Pendulum, we must determine a point which is called the 
Centre of Oscillation, or the point in any oscillating body> in 
which, if the whole mass could be concentrated, and suspended 
by a string without weight, the vibrations of this imaginary 
simple pendulum would be performed in the same time as the 
vibrations of the compound one. 

270. Prop. To determine the centre of oscillation of any 
body. 

Since every particle of the body vibrates in the same vertical 
plane, the motion is evidently the same as the motion round a 
fixed axis; and the investigation of such motion gave us the 
equation (235), 

du frF cos.^.dm 
dt fr^dm 

to determine the angular velocity, when the force F acting on 
any element dm, and the angle h, made by the direction of the 
force with the tangent to the circle which the element is com- 
pelled to describe, are given for every element. 

In this case where gravity is the only force which acts on the 
system^ and the axis of rotation is a horizontal line, let us assume 
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tlie axis of z which is the axis of rotation^ and also the axis of y 
as horizontal^ and the axis of x vertical^ and therefore in the di- 
rection of gravity. 

Then^ if m be the position of any particle (fig. 51)> m T be a 
tangent to the drcLe described with Am as radius^ mD perpen- 
dicular to the axis of x^ and m H parallel to it, 

/, y = m D = A m. cos. A w D 

= A w. COS. T m H = r cos. d. 

Hence the general formula becomes^ since also F = ^. 

d^ fgydm _ gMy^ 
di fr^dm fr^drn 

if M = whole mass of the body^ and y, = the distance of its 
centre of gravity &om the plane of x, z. 

But if a = the distance of this point from the axis of rotation^ 
Ma^ is the moment of inertia of the system collected in its 
centre uf gravity about this axis^ and if M Ar^ be taken for the 
moment about an axis drawn through the centre of gravity paral- 
lel to Az, then M {k^ + ^^) is the moment of the body round 
the axis of rotation (231). Hence 

d^ _ gy, 
dt " k\^ a*' 

And since the centre of gravity of the system describes a cir- 
cular arc as well as every other pointy let (fig. 52.) G be the 
centre of gravity^ 6 T a tangent^ A 6 = a, &c. 

- rf« ga COS. 5 
•'• y- = « ««• 8 ««d Tt = k* + a« - 

Let now a simple pendulum whose length = I, be made to 
oscillate^ then since here we have only one particle m, the general 
expression becomes in this case 



A 
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dv gi^' COS. $ g coe. d 

Tt "" W^ " 1 ' 

Hence^ in order that this may oscillate in the same time and 
in the same manner as the compound pendulum^ it ought to have 
at any instant the same position with regard to the axis of vibra- 
tion^ and the same angular velocity at that instant, hence the 

two values of j- ought to be always equal and h also the same in 

both cases. 



I = 



a 



If therefore^ in the plane pasnilg throc^ ibe;a«js •f sospi^n- 
sion and the centre of gravity of the body, a atraigbtr UMi» be 
drawn parallel to the axis at a distance -/> all the points •f the 
body which are on that straight line are so many centre* qfotcil" 
laiion. 

The condition that the line should be drawn in the plane 
through the axis and the centre of gravity is necessary in order 
that the angle represented by S may be the same in the two ex- 
pressions compared above. 

271* Prop, The axis qf the centres of oscillation and Jhe axis 
of suspension are reciprocal : that is, if the axis of the centres of 
oscillation be made the axis of suspension, the axis of suspension 
will become the axis of the centres of oscillation. 

For let /', a, represent with regard to the new axis the same 
quantities as /, a, represent with regard to the former axis of 
suspension. Then 

r - ^^ -^ «' 
But since / is the distance of the two axes. 






*> 



/ 

4 



160 ELEMENTS OF MECHANICS. 

/ = a' + a, ,\ a ^ I — a. 
Also from the value of / in terms of k and a, we find 



a " a' 



Hence^ substituting for a we obtain 

f = «' «*' + «*_; 

a 

272. In the preceding articles we have supposed the force of 
gravity to be uniform, and we have observed that this is not 
true unless the motion be near the surface of the earthy and our 
observations are confined to the same place. If a body be sup- 
posed to fall towards the earth from a considerable distance above 
it^ we must introduce the law of the variation of gravity^ in order 
to determine its motion. Experiment teaches us that the force 
varies inversely as the square of the distance from the earth's 
centre^ and hence we can apply the formulae deduced in 1 71> &c. 

273. Prop, To determine the motion of a body falling from a 
given distance towards the earth, the force of gravity not being 
constant. 

Let ^ = the force of gravity at the unit of distance, 

a = the distance of the point at which the motion com- 
mences, 

X == any variable distance. 



• • »/ — - a* 



X* 
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Hence by substituting this value of /in tbe formula (173)^ 
and integrating, we find 

which gives us the velocity at any distance x. 

1£ X = /. v^ = 00 , or velocity at the centre would be in- 
finite if the same law of force continued. 

Hence we also find by substitution in the formula (174) and 
integrating 

If or = /. * = 



2(2(^)4 ' 



Of the square of the time of falling to the centre varies as the 
cube of the distance fiEJlen through. 



CHAPTER 11. 

ON THE REVOLUTION OF THE HEAVENLY BODIES ROUND 

THE SUN. 

274. The phenomena of the heavenly bodies may be divided 
into three classes : the first comprehending the motion of revolu- 
tion round the sun ; the second^ the motion of rotation round 
their centres of inertia; and the thirds their figure and the 
oscillations of the fluids on their surfaces. It is only the most 
simple of the first of these classes which we propose at present 
to consider : viz. the force which produces the motion of revolu- 
tion, and the orbits which the bodies would, if undisturbed^ 
describe. 

Observation has established three laws respecting the motion 
of the planets, which from their discoverer are called Kepler's 
laws ; 

1st. The planets move in plane curves, and their radii vectares 
describe round the sun areas proportional to the time of their 
description. 

2nd. The orbits of the planets are ellipses with the centre of 
the sun in one of the foci. 

3rd. The squares of the times of revolution of the different 
planets are to one another as the cubes of the major axes of the 
orbits. 

These la\vs we must observe relate only to the motion of the 
centre of gravity of each planet; and we must therefore limit 
our conclusions to the motion of thUt point, or, in other words, 
we shall only determine the motion of translation of the 
planets. 
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275. From }^ejirst of these laws we Reduce by means of art. 
158^ that the accelerating force thus applied tio the centre of 
gravity is always directed in the line tvhich joins this centre and 
the centre of the sun, 

276. From the second law we are able to discover the law of 
the variation of this force. 

For since the general equation to an ellipse referred to the 
focus as a pole is 

a (1 — e») 



1 -f- e cos. (a> — a) 



in which a is the semimajor axis or as it is sometimes called the 
mean distance, and e the eccentricity* The angle a is the angle 
contained between a fixed line and the least distance^ or the 
longitude of the perihelion ; the least distance being called the 
perihelion, and the greatest the aphelion distance. The angle 
cf — a, which. expresses the angular distance of the planet from 
the perihelion^ is called the true anomaly. 
By differentiating this expression we find 

dr e sin. (« — a) 

;^^dl "^ a (1 — e') ' 

then squaring both sides^ and eliminating the angle by the equa- 
tion, we obtain 

dr^ 2 1 I ^ I 



Now the general equation for determining the force is (168) 



c2 



C-^^-^7^)-^2>'^^^ = ^- 
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Substituting therefore the value obtained for -4-.— 2> suid dif- 
ferentiatingj we have^ 



P = 



c« 



a(l — e«) r»' 



Hence we conclude that the force^ which acts upon the planets, 
varies inversely as the square of the distance from the sun. By 
such a force^ therefore^ combined with an original impulse, the 
planets are retained in their orbits, and perform their revolutions 
in space. 



c* 



The constant factor — -pi 2\ ©^presses the intensity of this 

force at the unit of distance, and is evidently constant for the 
same planet. 

277* From the third law we are able to prove that the intensity 
of the force is the same for all the planets. 

The quantity c is the double of the area described in the unit 
of time (164), and if therefore T is the time of one revolution of 
a planet, c T ^vill be the double of the area described by the 
radius vector. 

But the area of an ellipse = ica^ ^/(l -—«'), and therefore 

cT = 2ira« ^(1 — e% 

•'• a(l — e«) " T» • 

Similarly, if a, tf, <f,T , expressed the same quantities in any 
other orbit, we should have, 

a'(l _ e'2) " T^ ' 
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But by Kepler's 


third law. 












T* ; r« 


• • 


a^ 


• 
• 


d^; 


and therefore 














c2 






c"^ 


t 



a(l_e2) a'(l_e'2)' 

Hence we conclude that this force does not vary from one 
planet to another^ except in consequence of change of distance ; 
and hence we deduce another anal(^ between this force and the 
force of gravity. 

278. We will next proceed to the inverse problem^ and in- 
vestigate the orbit which a body will describe when the force 
varies inversely as the square of the distance. 

The general formula for this investigation is (168)^ 

" (4^ + •■) - ^z- V- = "■ 

in which « = -. 

r 

If then the force at the unit of distance = <p, 
Hence the general formula becomes 



c2 



(£- + «') _ 2^« - c. 



which is the differential equation to the orbit. 
To integrate this, we find 






C + 2if>u — c^u^' 
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and therefore substituting « «= z + -^, and writing b^ for 

1 

-j- (Cc' -t- <p^), we have 

-u dz 

— » ' . • 



rf» == — 



whence, by integration 

a == k -\- COS. Y, 

/, 2 = -f ft COS. (« — /:). 

The positive sign being taken on account of the arbitrary con- 
staiit k, which is equivalent to increasing the angle by two right 
angles. Then introducing u and r, we find 

M = ^ + ft cos. (« — k), 



c2 






<p + ftc^ cos. (« — Ary 



which is the equation to a conic section referred to the focus. 

In order to determine the constants, and therefore the exact 
orbit described, some other circumstances must be given, and we 
will now determine the elements of the orbit, when the initial 
velocity, distance, and ^ngle of projection are given. 

Let a = angle made by the direction of projection with 
the distance, 

p ^ the given distance, 

v' = the velocity of projection : 

Then, since the sine of the angle which the tangent makes 
with the radius vector = — ^ — , d s being the element of the 



REVOLUTION OF THE HEAVENLY BODIES. 167 

curve, we have sin. a = -^^— -, hence 

as 

p^d u ds pdw 

Again^ hy the equation in art. 166, 

«» = C — 2f¥dr =r C -h — , 



therefore we have^ 



C = r'» _ ^. 



Also, since by comparing the result of the integration with the 
general equation to the conic section, we find 

a (1 — e«) = — , and e = — = - V(Cc» + r)> 



|, e= v(l +C.-M. 



by substituting the values just found for C and c, we have 



The value of a, thus found, is independent of the angle of pro- 
jection ; whence it appears, that in whatever direction the body 
is projected, the axis major of the orbit will be the same, if the 
velocity remain unaltered. 

The orbit will be an eUif^se, hyperbola, or parabola, according 
as e is less, greater than, or equal to unity, or according as the 
quantity 
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p't;" 8m.«« (!;'=»— ?^) 



is negative^ positive^ or equal to nothing ; that is^ according as 

v'^ is less, greater than, or equal to — . 

f 



279. We will next investigate the time of describing any 
portion of the orbit. 

By the general expression in art. 167, we have, 

rl^ 4. 1^ 4. 2/Fdr = C. 

Therefore, in this case 

^ £« 2<^ _ 
,^^2 -^ ^2 — — - ^• 

The values of the constants are easily found in terms of the 
elements of the orbit from the investigations in the last article, 
and we have 

C = — ^, c« = 4>a-(l — e*). 

a TV/ 

Substituting, therefore, these values, and multipljring by r*, 
we obtain, 

a r^dr^ , v. , ^ 

}--dF + (« - r)' _ «.e' = 0, 

and hence ♦ 

rdr 



di 






In order to integrate this expression, let a — r = a^z. 
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.^ y/a (1 — es)dz 

.-, i = a ^^ I COS. « _ e V (1 — 2«) > -h K. 

When 2 = 1, orr^a — ae^ and the body is at the nearer 
apsis, let ^ be ^' 

/. Z' = K. 



Hence 



/ _ r = a v^- > «»• s — e^{l — z^)> 



in which / — f is the time through any portion of the arc from 
the nearer apsis. 

If r = a (1 4- e) /, z = — 1, and we have the time from 
the nearer to the farther apsis, or 



the time of half a revolution = a \/^ - • v 




Hence if T be the periodic time 



9 



CHAPTER III. 



ON THE IMPACT OF BODIES. 

280. If two bodies come into contact with one another^ and if 
their centres of gravity move in the same straight line^ which is 
perpendicular to a plane touching both bodies in the point of 
contact, the impact is said to be direct and central. 

If the straight line described by the centre of gravity of one of 
the bodies^ is perpendicular to the tangent plane^ but does not 
pass through the centre of gravity of the other^ the impact is said 
to be direct, but eccentric. 

If the path of the centre of gravity of one of the bodies is 
not perpendicular to the tangent plane^ the impact is said to be 
oblique, 

281. In investigating the principles of the impact of bodies, 
we suppose that there are certain bodies which^ by impact, suffer 
compression, and, after impact, endeavour to recover their ori- 
ginal form with a force bearing some certain ratio to the impact : 
so that this force of restitution gives them, in a contrary direc- 
tion, a determinate part of the force, and therefore of the velocity, 
which they had lost by the impact. 

This force of restitution is called the elasticity , which is said 
to be perfect, if the force of restitution is always equal to the 
force lost in the impact, and imperfect, if it is less. 

If the bodies suffer no compression they are called hard, and 
if, when compressed, they exert no force to recover their form, 
they are called soft. 



-*^s^* 



r * 
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There are no bodies known which are either perfectly elastic 
or perfectly hard ; but these states may be considered as limits 
to the various degrees of elasticity presented in nature. 

282. Prop. To determine the motion after the direct impact of 
two hard bodies. 

Let m and m be the two bodies moving in the same direction 
with velocities v and t/^ then^ if 971 overtake and impinge on w^, 
the two bodies will^ in consequence of the impact^ acquire an 
equal velocity : for m ^vill continue to impart to m' a portion of 
its velocity^ until itif having acquired a velocity equal to m, would 
no longer impede the motion of m. 

liet then x be this common velocity^ and since the moving 
forces before or the impressed forces are 

m V and m' v , 

and the actual forces^ m x and m' x, 

we have by d'Alembert's principle (204), 

mv — mx. -h m'v' — m'x = 

mv -h m'v' 
•'• ^ ^ ______ __ ^ 

m -\- m 

283* Prop. To determine the motion after the direct impact of 
two elastic bodies. 

If e represent the portion of the velocity which is recovered by 
tbe force of restitution in a contrary direction^ and if m, m', v,. v' 
be taken as before^ let x represent the common velocity which 
they would have if hard. 

Then by the impact m would lose the velocity v — x, and it 
would also lose by the elasticity e(v — a:), hence the whole loss 
of m will be 
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r — a: -I- e(t> — or) == (1 -|- e) (« — ar). 

Substituting, therefore, for x its value found in the last articki 
we have 

m 
the loss of w = (1 -t- (^ — ^ ) 



m + tfi 



and similarly the gain of m' -=: (1 + ^) (t^ — v') 



wi -f- »» 



284. Cor. 1. If e ^ 1 we have the case of perfect elasticity; 
if e = 0^ we have the case of the last article, &c. 

285. Cor. 2. The difference of the actual velocities after im- 
pact is e (v — V*), Hence if the bodies are perfectly elastic, the 
relative velocity before and after impact is the same, &c. 

286. To determine the motion of two bodies (ifter oblique 
impctct. 

Resolve the velocity of each body into two^ the one perpen- 
dicular to the plane touching both the masses in the point of 
contact, the other parallel to it. The first of these two occasions 
the impact, and the effects may be determined as in direct impact; 
the other remains unaltered. Compounding therefore this latter 
with the results of the former, we shall have the velocities and 
directions of the two bodies after impact. 

287* Similarly, we can determine the effects of the impact of 
any body on an impenetrable and immoveable plane. 
Let V be the velocity of impact, 

f the angle contained by the direction of impact, and a 
perpendicular to the plane at the point of impact, or 
angle of incidence, 
e the part of the velocity acquired by the elasticity, in a 
contrary direction. 
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Then resolving v into two^ one perpendicular to the plane, 
V COS. ty and the other parallel, v sin. i ; the perpendicular one is 
the only one which causes the impact, and the body will rebound 
perpendicularly with a velocity =i ev cos. i. 

Compounding then this velocity with the one parallel to the 
plane we have the velocity of reflection (w'), 

V ^ (sin* I. + c* COS.*. «). 

If p be the angle of reflection, we also have 

vsin. I 1 

tan. p ^ = — • tan. i. 

evcos. i e 

Hence also we obtain, v sin. i -= v^ sin. f. 

288. Cor, 1. If the body is perfectly elastic or € == 1, the 
velocity and angle of reflection are equal to the velocity and angle 
of incidence. 

289. Cor, 2. If the body is hard, or e = 0, the angle of 
reflection is a right angle, and the body moves along the plane, 
and v^ =z V sin. «. 

290. Prop, To determine the motion of two non^elastic bodies 
after eccentric impact* 

Let A P B and C P D be sections of the two bodies made 
by a plane passing through their respective centres of gravity 
G and g, and through the direction G E of the motion of 
the first ; let P be the point of impact ; let the distance of the 
direction G E from the centre of gravity of the other body be 
g K = A, and let a: be the velocity remaining to the first after 
impact. 

Then the other body will have, after impact, two motions, one 
progressive and the other rotatory, since the direction of the 
impact does not pass through the centre of gravity (217 and 218). 
The rotation will take place about an axis through G perpen- 



i 
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dicalar to the section ; and let u be the progressive velocity^ and 
u the angular velocity of the rotation. 

First by d'Alembert's principle (204)^ the forces mv,fntxf, are 
in equilibrio with — wia?, and — »i'«, 

/. m{y — x) + m' («' — «) = 0. 

Again> the second body is urged to revolve, by the force which 
the first body loses in the impact, viz. m{y — x). Hence by 
the formula deduced in art. 236. 



» 



mh{v — x) 



if c represents the momentum of inertia of the mass m. 

Lastly, it appears (^2) that as much velocity ought to remain 
to the body A P B as those points of the other body acquire 
which lie in the line G E ; hence the remaining velocity of the 
impinging body must be that which the point K, of the other body, 
acquires. Now the remaining velocity of the impinging body is 
J?, and the velocity which the point K acquires is the velocity 
arising from the direct impact -f- the velocity which it acquires 
from the rotation round G, and therefore it is ti + h». 
Wherefore 

We have therefore three equations, to determine the three 
unknown quantities x^ «, and «. 

291. Cw. 1. The problem is scarcely more difficult if the 
bodies are elastic: since the force of elasticity restores to the 
bodies in a contrary direction, a velocity proportional to that 
which they lose from the impact. We have then to find the 
three quantities Xy «, and tv, as if there were no elasticity ; and 
then to substitute for them respectively. 
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X — e(v — x); 



u — ^(1/ — m); 



« + ^«. 



292. If the body struck is connected by an inflexible line^ 
with an immoveable axis^ it cannot have or acquire any progres«- 
sive motion. We have then in this case only two unknown 
quantities^ x and a; ; to determine which we have the equations^ 

mh(,v. — x) J - 

w = y and X = aiff 



in which k and c must now be referred to the axis ,of rotation. 



APPENDIX. 



See Note^ poge 4. 

Thb following rigorous demonstrations of the parallelogram of 
forces are added in tlie form of an Appendix^ in order not only to 
remove any difficulties from the commencement^ but also to enable 
the student to examine the chief of the different demonstrations 
that have been brought forward. They are those of Laplace> 
Pontecoulant^ and Poisson, nearly verbatim. 

L 

To the first two propositions in the text may be added the fol- 
lowing, which are readily deduced from the method of estimating 
force (4)^ and from the definition of the word resultant (8). 

1. The resultant of two forces applied to the same point and 
acting in the same direction, is itself in the direction of the forces 
and equal to their sum ; or R = p + p". 

2. The resultant of two forces applied to the same point, and 
acting m opposite directions, is itself in the direction of the greater 
force and equal to their difference ; or R =: p' *-^ p\ 

3. Prop. Tojind the magnitude and direction of the resultant 
of two forces, acting on the same point, in directions at right 
angles to each other. 

Let X, y, r represent the magnitudes of the forces and their 
resultant, 

the angle. made by the direction of the 

resultant with that of a; .* 

A a 
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then^ if we suppose x and ^ to be indefinitely small^ and 
successively dxy 2dx, ^dx, &c. and dy, 2dy, Sdy, &c.^ the 
angle 6 will remain the same^ and the resultant will become d r, 
2dr, &c., so that in the successive increments^ the ratio of d? to 
r will be constant^ and hence 

X = r. (j} $3 

where </> denotes a function to be determined. In this equation 
we may change x into y, if we also change B into ^ — d^ so that 



y 



= '••*(! -*)• 



Now^ X may be considered as compounded of two forces x and 
x", the first acting in the direction of r, the second at right angles 
to it (see fig. 1^ App.)^ and^ therefore^ since x makes with sf an 
angle = B, we have by the preceding, 

X :sz X, (ftO z= — ; 

T 

and also, 

f'^ A ^y 

These two forces may be substituted for x, and in a similar 

U X'U 

manner we may substitute for y two other forces — , — , the first 

T r 

in the direction of the resultant^ and the other at right angles to 

it : by which means we have, instead of the two forces x and y, 

the four. 



^ 


y' 


xy 


xy 


> 

r 


y 

r 


r' 


3 

r 



of which, the two last are in contrary directions, and being equal 
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must destroy each other ; > the two first are in the same direction 
and make up the resultant ; hence 



r^ ^ a;^ + y' 



ist the resultant ii represented in magnitude by the diagonal of 
the rectangle, the sides cf which represent the forces. 

In order to determine the angle B, suppose the force ^ to in- 
crease^ and y to remain constant ; then the angle B will diminish. 
And if we also suppose d x, the increment of x, to be resolved 
into d X and d x , the first in the direction of the resultant^ and 
the other at right angles to it^ the point is acted on by two forces 
r ^ dx and d x" at right angles to each other^ and the resultant 
of these forces^ which we will call r^, will make with dx an angle 

IT 

equal to ^ — dB (see ^g. 2, App.) ; hence^ by the preceding^ 

dx" = r'.f (q *-" ^^)* 

And since d x" is very small when compared with r, the func- 
tion ^ ( ^ — dB] must be very small^ and of the form — k dB, 

k being a constant independent of the angle^ and d B being nega- 
tive when d x" is positive. Hence 

dx" = — krdB = — krdB, 

since r is very nearly equal to r. 

Again> since dx" makes with dx an angle equal to ^ — d, we 
have by the first part^ 

dx = dx, 9 I H — ^ ) ^ • 

Therefore, equating these values, we obtain 
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_ ydx 
^* T^- 

In the same manner^ by supposing y to increase and a: to re- 
main constant, we shall obtain the corresponding variation of the 
angle B, by changing in the preceding equation x into y, and y 

into X, and B into ^ — B,\, e. changing the sign of d B, Hence 

By means of these partial differentials, we find the total yaria- 
tion of the angle B, 

1 xd^ — ydx 



Whence, by integration, 

X 



kB -^ C =: tan. ^. 



. y _ 



— tan. (kB + C). 

X 



Combining this equation with the equation r^ = x^ + ^^, 
we find 

J? = r. cos. (A- -h C). 
In order to determine the constants, let ^ ss 0, 

/. r ssz X, and d = 
/. COS. C = 1, and C = 0. 
Again, let x =s 0, 
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.'• ^ = y^ and ^ == o' 

/. COS. A- = 0, 
and there k must equal 2 n + 1, n being any whole number, 

2 » 

since x will = as often as ss ;= 7* But here d = «, 

2» + 1 2 

/. 2n + 1 = 1 /. n = 0. 

Whence x == r. cos. 0. 

The diagonal of the rectangle therefore not only represents the 
MAGNITUDE bttt olso the DIRECTION of the resultant. 

We can hence obtain the resultant of forces inclined at any 
angle to each other, as in art. 13. 



XL 

The proof given by Pontecoulant is, in the first part, very 
similar. 

Since x and y are given in intensity and direction, -we have 

r = F{x,y), $ =/(ar,y); 
whence, by eliminating y, 

X =s (p (r,0). 
But since x and r are the only quantities dependent on the 

JC 

unit of force, their ratio - ought to be independent of that unit, 

and therefore expressed as a simple function of 9, hence 
Jd =z r, ^9, a& before. 

In order to determine the form of (p 9, suppose a new force z to 
be introduced acting on the same point, and pei*pendicular to the 
plane of x and y. The resultant of these three forces may be 
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obtained by finft compounding any two^ and then again oom- 
pounding tbe resultant of these two with the third; and it is 
evident that the resultant will be the same in whatever order the 
composition be effected. 

Let then r be the resultant of x and y, 

9 its inclination to the direction of x. 
Again^ let r' be the resultant of r and z, 

^ its inclination to the direction of r. 
Then^ x ^=. T,<^Qi r ^s r.^ ©'. 

But^ if we suppose r to result from the composition of the re- 
sultant of ^ and z with x, and call ^ the angle which r^ makes 
with the direction of Xy we have 

By comparing this with the other equations^ we find 

In order to deduce the value of ^-e ^tn this equation^ we mnst 
observe that 9 and 9' are independent of each other, and therefore 
we may suppose them to vary separately. Hence, differentiating 
on this supposition, and putting 






we have, 



//I' * 



d9 __ <p'9.^9 
5^ — ^9~^ 
de' 

an equation in which f ^. has disappeared. 

Again, in the spherical triangle intercepted by the directions 
of the three forces x, r, r', the sides of which are ^, ^', 4^, we have 
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COS. tf/ = COS. 0. COS. $'» 

By differentiation^ we obtain 

dyj/ sin. 9 cos. 9' d}}/ cos. 9 sin. 9' 

d9 "" sin.ij/ rf^' "" sin.ij/ 

d w d }l/ , 
Substituting these values of -j^-* -j^* in the equation found 

(i9 d>9 



above, we deduce. 



COS. 9. <p9 COS. ^. <p' 9' 
sin. 0. <p9 sin.O'. ifttf 



But since the two angles B and ^ are independent, either 
member of this equation is constant, whatever value be assigned 
to the other variable, and therefore, 

cos.d. /d _ , 
sin.d. f^ 

k being a constant independent of 6. 
By integration we obtain, 

Je 

(pB = C(cos. B) , 

C being an arbitrary constant. 

Substituting this value in the equation, x = r. 9 d, we have 

jc 

jc = r C (cos. B) 

To determine the constants C and A;^ let ^ =0; 
/. r -=. X, and d = ; 

and therefore 

COS. d = 0, /. C = 1. 
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Again, suppose x = ^ /. r = >/ (a:* + y2) --a- ^2, 

and d = -J* 
4 

V 1 

But, COS. -J = — jz^ ,•, ^ = — 1. 

4 V2 

Hence a: = r cos. d. 
Whence, &c. as before. 



III. 



Poisson's demonstration consists of the following propositions. 

Prop, 1 . To find the resultant of two equal forces acting on 
a point in directions inclined at any angle. 

Since the forces are equal there is no reason why the resultant 
should be nearer one rather than the other, and it will therefore 
bisect the angle contained by their directions. 

We have therefore now to find its magnitude. 
- Let A B, A C (fig. 3, App.) represent the directions of the 
two forces which are each represented by p; let the angle B A C 
= 26; and let A R, which bisects the angle, represent the di- 
rection of the resultant, R. The intensity of this resultant must 
depend on the values oip and B, and therefore, 

R=/(p,«). 

But since R and p are the only quantities whose numerical 
value varies with the assumed unit of force, their ratio is inde- 
pendent of that unity, and must therefore be a simple function of 
9, hence we obtain. 
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R sz p,(p$, 

and we have to determine the form of ^B, 

For this purpose^ draw through A the lines A B', A B", A C, 
A C, so that the angles, B'A B, B"A B, C'A C, C'A C are all 
equal to one another. Then the force represented by A B may 
be resolved into two equal forces acting in the directions A B', 
A B^% and supposing // the unknown value of each of these forces 
and if/ the angle B'A B, we have, as before, 

p = p\(p yp, 

<l> denoting the same function as in the other equation. 

. The force acting in AC may be similarly resolved, and thus, 
instead of the two forces p we have four forces y, whose resultant 
ought to coincide, both in magnitude and direction, with the re- 
sultant of the two. 

Now, if R' be the resultant of the forces acting in the direc- 
tions AB^ AC^ its direction must coincide with AR; and since 
the angle B'AR = CAR = d — t//, 

R' = p\^(e — ^). 

Similarly if R" be the resultant of the forces acting in A B", 

AC, 

R" =r p\(p(e -i- if/). 

But these two partial resultants must make up the whole, 
therefore 

R s= R -^ R . 
But, R = p^<pe = p'.(l»B.(l>yPy 

.-. </)d.<^i// = f (d — ^) + f (^ + *)• 

Bb 
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Expanding <l>{B — i)/) and ^ (^ + ^) by Taylor's theorem^ and 
dividing by ^ 6, we obtain^ 

But^ since ^ i)/ does not involve f^, that quantity cannot enter 
any of the coefficients^ 



<pB.dB^ (pB.de^ 

4 

and they must therefore be constant^ i. e. independent of the 
variables^ B and ^. Let, then the first = c, and we have 

d'<b6 

■^r = c.<t.B. 

Whence, by differentiation, we obtain. 






dB^ dB 



d\fB g dKtpB , ^ 

-dB^^'''-dB^^'"'^^> 

and consequently, 

f^ = 2^1 + 172 + LTsTi + 1.2.3.4.5.6 + ^''j' 
or if c ss — a*, 

f'^ = 2[i - T2- + orai - 1:2:37475:6 + *^- j' 

This series is the development for the cos. a if/, and hence 

^ if/ =r 2 cos. a if/. 
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This determines the form of the function denoted by f, and 
hence^ 

R z= p,<p $ s= 2p COS. a 0, 

In order to determine the value of a, which is independent of 
By let ^ == n' ^^^^ ^^^ ^^0 forces are directly opposed^ and R 

= .*. cos. a -^ =z 0, and a must be some odd whole number. 

Also a = 1 ; for if a = 3. then R =: when = ^r* or when 

6 

2$ =: -» or when the forces are not directly opposed. Simi- 

larly a cannot be any other odd number^ and therefore 

R = 2pcos. 6, 

Hence the resultant of two equal forces is represented in mag" 
Hvtude and direction by the diagonal of the parallelogram whose 
sides represent the twoforce^^ 

Prop. 2. To find the resultant of two unequal forces, acting 
on a point in directions at right angles to each other. 

Let A B^ A C (fig. 4^ App.)^ at right angles to each other^ 
represent the forces : complete the parallel(^am ^nd draw the 
diagonals AD^ BC cutting, each other in O; draw through A 
the line E F parallel to B C^ through B and C the lines B E and 
C F parallel to A D. 

Then since A B C D is a rectangle^ the diagonals A D^ B C 
are equal ; and ,". A E = A O = A F. 

Hence the force A B may be considered as the resultant of the 
two equal forces AE, AO, and also AC as the resultant of 
A F, A O ; therefore, instead of the two original forces, we have 
the four forces A E, A F, A O, A O. But the first two of these 
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are equal and opposite^ and consequently destroy each other ; the 
other two conspire and form a resultant equal to 2 A O =: A I>. 
Therefore the resultant of A B and A C is A D. 

Prop. 3. Tojind the resultant of any ttvo forces CLcting on a 
point, in directions inclined at any angle to each other. 

Let A B^ A C (fig. b, App.) represent the forces; complete the 

parallelogram^ and through A^ B, and C^ draw the lines E F^ B H^ 

and C K perpendicular^ and also draw B E^ C F parallel to the 

diagonal A D. Then since B H and C K are the altitudes of 

V ../ A^ the equal triangles on the same base^ B H = C K ; and it easily 

u:A:< ^ tWcJfD, appears that A H = K D. ^ 

. «(.vs»v ^ <.•!«.■ - • Hence, by the last case^ the force AB may be considered as 
* *"*'^'^ ' the resultant of the two forces A E, A H at right angles^ and 

also A C as the resultant of A F, A K : therefore^ instead of the 
two original forces^ we have the four A E^ A F, A H^ A K. But 
the first two are equal and opposite^ and consequently destroy 
each other ; the other two conspire and form a resultant equal to 
AU + AK = AD. 

Therefore the resultant of A B and A C is A D. 
Hence the resultant o/*any ttvo forces acting on a point is re^ 
presented, both in magnitude and direction^ &y the diagonal of 
the parallelogram whose sides represent the forces. 
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ERRATA. 



Page 12, Hne 18, for A B, —^ — ;; read A B. -7^ — ; 

V —P P — P 

Page 122, line 4, for similar read similarly. 
Page 152, last line, for p + p read p + p^- 
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